
Eng. Math.                                          Ch 4 Matrix eigenvalue problems                                      Prof Dr Bayan Salim 

1 
 

Chapter 4: Matrix Eigenvalue Problems 

Introduction 

Eigenvalue problems (“Eigen” is German and means “proper” or “characteristic.”) come up 

all the time in engineering, physics, geometry, numerics, theoretical mathematics, environmental 

science, urban planning, economics, and other areas 

 

A matrix eigenvalue problem considers the vector equation: 

Ax = λx. 
Here A is a given square matrix, λ an unknown scalar, and x an unknown vector.  

In a matrix eigenvalue problem, the task is to determine λ’s and x’s that satisfy (1).  

we only admit solutions with x ≠ 0. 

 

The solutions to (1) are given the following names:  

The λ’s that satisfy (1) are called eigenvalues of A and  

The corresponding nonzero x’s that also satisfy (1) are called eigenvectors of A. 

 

Determining Eigenvalues and Eigenvectors 

The problem of systematically finding such λ’s and nonzero vectors for a given square matrix is 

called the matrix eigenvalue problem or, more commonly, the eigenvalue problem. 

1. Consider multiplying nonzero vectors by a given square matrix  

 

The new vector is with a different direction and different length when compared to the original 

vector. This is of no interest. 

2. Now, Consider this matrix: 

                     

In the second case something interesting happens. The multiplication produces a vector which 

means the new vector has the same direction as the original vector. The scale constant, which we 

denote by λ is 10. 

A value of for which (1) has a solution is called an eigenvalue or characteristic value of the 

matrix A. 

 



Eng. Math.                                          Ch 4 Matrix eigenvalue problems                                      Prof Dr Bayan Salim 

2 
 

Example 1: Determination of Eigenvalues and Eigenvectors 

Given the matrix below, determine its Eigenvalues and Eigenvectors 

 
a) Eigenvalues. 

 

 

In matrix form:   

                      
“homogeneous system”. It has a nontrivial solution x ≠ 0, Determinant D = 0 (Cramer’s theorem) 

 

Thus, λ1 = – 1 , λ2 = – 6 are the eigenvalues of matrix A. 

b) Eigenvectors 

Eigenvectors of A corresponding to λ1 = – 1: 

 

 
Eigenvectors of A corresponding to λ2 = – 6: 

 

 



Eng. Math.                                          Ch 4 Matrix eigenvalue problems                                      Prof Dr Bayan Salim 

3 
 

Example 2: Find eigenvalues and Eigenvectors of  

 

Ans: λ2 – 13λ + 30 = 0; (λ – 10)(λ – 3) = 0; Thus eigenvalues (10, 3) 

Eigenvectors [3    4]T and [– 1    1]T 

 

The General Case of the Ejgenvalue Problem 

Matrix eq.  Ax = λx can be written as 

                                                                          … (1) 

Then 

                                … (2) 

In matrix notation: 

                                                                                             … (3) 

By Cramer’s rule this system has a nontrivial solution iff: 

        … (4) 
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Theorem: eigenvalues 

 

The eigenvalues must be determined first. Then the corresponding eigenvectors are obtained, 

for instance, by Gauss Elimination. 

Theorem: eigenvectors 

 

Example 3: Multiple eigenvalues 

Check it! 

The roots (eigenvalues of A) are λ1 = 5, λ2 = λ3 = – 3. Try Newton Raphson method to find them! 

To find eigenvectors we apply GEM: 

For λ = 5; 
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For λ = – 3; 

 

 

                                         and        

Example 4: 
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Example 5: 

 

 

The eigenvalues of A are λ1 = – 1, λ2 = – 6, then 
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From (8): 

 

 

By (10), we get the solution components: 
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Example 6: 

 

 

Problems: 

 

 

 

 

 


