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Objectives

* To Derive Stiffness matrix for beam element
* To apply beam analysis using direct stiffness method



Beam

Beam is a long slender structural member subjected to transverse

¥

loading that produces significant bending effects.
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TYPES OF BEAMS

Types of Beams

' (a) Cantslever ‘ (D) Sunply sapponed 1

mE———— Kk i

(<) Overhanging (d) contmmmons

= =

(¢) Fixed onded (1) Cantslever, simply supporied



Displacement Function

e v(x) =a;x3+ax*+ax+a,

() =v,=a,

s Boundary conditions
= —7)
1 3

(L) =v,=a,L3+ a,L?+ @,L + v, ....... (1)

L av(l)
dx

@, = 3a,L? + 2a,L + 01 ............... (2)



Solving Equation 1 &2

2 1
a, =E(V1—V2)+E(¢1+®z)

3 1
a, = _ﬁ(vl_vz) _z(®1+®2)

All together:

2 1
v(x) = [E(vl - v,) +ﬁ(®1 + (Z)z)] b ok o [_%(vl —,) _%(q)l 4 @2)]x2 + @.x + vy



Sign Convention

* Beamtheory: | /@ @

m,

\l Positive convention l/
Fl

Fay

* Stiffness method:
@ @ >
m —_— m;

1
I Positive convention l
Fy F2y



d? 2 d’
+ Note that * m(x) = 222 EJ and V(x) = 225 gy
dx dx
dw(0)  El
Fiy = V(0) = Bl ——— = 75(12v, + 610, — 12v, + 6L(05)

iy

m, = =m(0) = -Ef%= %{ELF] + 4L'@, — 6Ly, + 2L70,)

: _

Fop = =V(L) = —E!d:::f] = i:[—‘lzu, - 610, + 12v, — 6Li03)

d?v(L)

El
m, = m(L) = EI = E(ﬁLvl + 2L%@, — 6Lv, + 4L%0Q,)

dx?



Stiffness Matrix for the beam element

12 6l —12 6l]
_EI| 6l 41> -6l 2I°
13[—-12 -6l 12 —6l
6l 212 —61 417




Derived Force ,stiffness and Displacement
matrix of beam

e, T 12 6L -12 6L ] 0y
m | EI| 6L 4L* ,—6L 2L*|] ¢,
fof L2|-12 —6L 12 —6L|)¢e

- -
-

s | 6L 21 —6L 4L2_ | ¢

re




Example

* A beam fixed at one end and supported by a roller at the other end,
has 20 KN concentrated load applied at the center of the span, as
shown in the figure determine deflection under the load.

20KN E =20 x’g“,}‘?cm‘l-
L = 2500 et




Element 1

- -= 20x% lo‘N/cm‘*-
. = 2500 e

12 61 =12 6l]
EI| 6l 41> -6l 2I°
31—-12 -6l 12 —6l
6l 212 —61 41%)




Element 2

12
6l
—12

| 6l

6l
41°
—6l

214

—12
—6l
12

—6l

6l
21%
—6l
41% |




Global stiffness matrix
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Boundary (Condition and force)

* Boundary condition Boundary force
*V1=01 = 0 node 1
* V2,02 =7 Node2 F=-20 M2=0
* V3=0 > M3=0
20KN E = 20x 18" N/cm-

1 & L = 2500 cm*
v

. l._fza.m_._ _6oocm |
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Using the direct stiffness method, solve the problem of the propped cantilever
beam subjected to end load P in Figure 4-8. The beam is assumed to have constant
El and length 2L, It is supported by a roller at midlength and is built in at the
right end.

g L N L g

,r 6

| 2& 32

‘\""

(12 61 —12 6l] (12 61 —12 6l]
1= EL| 6l 412 —6l 212 o= EL| 6l 412 —6l 212
B|l—-12 -6 12 -6l B3l—12 —-61 12 -6l
6l 212 -6l 41%) 6l 212 -6l 41%)




Global Force displacement matrix

([ Fy, ) [ 12 6L =12 6L O 0 ] (o)
M, 6L 4L —6L 2L* 0 0 "
)Py | _EI|-12 —6L 24 0 -12 6L |
M L}| 6L 212 O 8L —6L 2L% | ) ¢,
Fs, 0 0 -12af€& 12 -6L
| M; | | 0 0 6L "2 -6L 4L | ¢,




Boundary Condition

t':’:ﬂ 3 =10 *3=I}

' -







Local force




Next Lecture

* Distributed load beam analysis



