CHAPTER TWO

AC-DC CONVERSION:
UNCONTROLED RECTIFICATIONS

2.1 INTRODUCTION TO BASIC RECTIFIER CIRCUITS
Several types of rectifier circuits are available: Single-phase and
three-phase, half-wave and full-wave, controlled and uncontrolled, etc.
For a given application, the type used is determined by the requirements
of that application. In general the types of rectifiers are:

1. Uncontrolled Rectifiers : Provide a fixed d.c. output voltage for a
given a.c. supply where diodes are used only.

2. Controlled Rectifiers : Provide an adjustable d.c. output voltage by
controlling the phase at which the devices are turned on, where
thyristors and diodes are used. These are of two types:

(a) Half-controlled : Allows electrical power flow from a.c. to
d.c. (i.e. rectification only) .

(b) Fully-controlled : Allows power flow in both directions (i.e.
rectification and inversion).

There are many applications for rectifiers. Some of them are:
» Variable speed d.c. drives,
» Battery chargers,
» DC power supplies for electric railways and,
» Power supply for a specific application like electroplating.
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2.2

2.2.1

The power rating of a single-phase rectifier tends to be lower than
10 kW, whereas the three-phase bridge rectifiers are used for delivering
higher power output, up to 500 kW at 500 V d.c. or even more.

In study of the rectifier circuits; there are certain electrical properties
of interest that should be taken into consideration. These are the
properties on the supply side and the properties on the load side of the
rectifier respectively. The supply-side will be assumed to have zero
impedance such that the sinusoidal supply voltages remains undistorted
even when the rectifier current pulses drawn from the supply are
nonsinusoidal.

Basically the study of rectifier circuit is concentrated on study of
waveforms as well as circuit analysis with the assumptions that:

(1) No energy is stored within a rectifier.

(2) The forward voltge drop, and reverse and forward leakage currents
in diodes and thyristors are neglected.

(3)The pulse 1s of sufficient amplitude to switch on the appropriate
thyristor.

Although the controlled rectification is the most important type that is
mainly used in many industrial applications, it is of interesting to
demonstrate first the uncontrolled diode rectifiers to clarify the
presentation. Hence, the single-phase and poly-phase, half-wave and full
-wave uncontrolled rectifiers loaded with different types of load will be
discussed in the following sections.

UNCONTROLLED RECTIFICATIONS

In this type of rectifier, the produced d.c. output power is fixed with
the converter used. They usually employ diodes as their power switches.
The following subsections deal with the basic operation of some examples
of uncontrolled rectifiers single-phase half-wave rectifier loaded with
resistive and series resistive inductive loads.

Single-Phase Half-Wave Uncontrolled Rectifier with Resistive Load

Fig.2.1 shows the basic circuit for a single-phase, half-wave uncon-
trolled rectifier supplying a resistive load. The circuit is supplied by a
single-phase transformer whose secondary represents the rectifier’s circuit
a.c. source (vy) that is represented by a sinusoidal wave given by,

vs(wt) =V, sinwt (2.1)

where v, is the instantaneous supply voltage, V,, is the peak value of the
supply voltage, v = 2xnfis the angular frequency, and ¢ and is the time.
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Fig.2.1 Single-phase half-wave rectifier: (a) Circuit and, (b) Waveforms.

For this configuration, the diode will conducts (becomes forward biased)
whenever the supply voltage vg is positive. This means that, during the
positive half cycle, (0 < ot < m), The diode conducts and behaves like a
closed switch connecting the supply to the load. Current i, will flow
through the load with value i,= v, / R and since the load is resistive, the
load current waveform will be replica of the voltage waveform.

The average value of the load voltage V,.can be calculated as follows:

1 A
Vi = %J; v (wt)dwt (2.2)

—1an' td t—Vm( + 00)—Vm 2.3
_2”0 msinwt dwt = o~ (—cosm + c0s0°) = — (2.3)

Since the load is resistive, therefore the load voltage and current are in-
phase and they are related by i, = v,/ R. Consequently, the average value
of the load current /. 1s

_Vac _Vm

I — 2.4

The output d.c. power is given by:
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_ Vi
Pdc - Vdcldc - ? (25)

The rms value of the load voltage V,,,,; can be calculated over one cycle
as follows:

1 YA
|74 = —] vZ (wt)dwt (2.6)
orms \/ 27_[ 0 S

1 A

= | — | (V,sinwt)?dwt
ZEJ; m
(V)2 ("1 Vin
\/ o fo > (1 — cos2wt)dwt > (2.7)

Since: (sinwt)? = %(1 — cos2wt)

Therefore, the rms value of the load current /,,,, 1S :

Vorms _ Vm 1

Lorms = R 2R 7711 (2'8)

The rms value I, = I,,/2 for half-wave operation compared with
the corresponding value for pure sinusoidal operation which is I)ps =

I /N2

The output a.c. power is given by:

V2 (0.5V,,)°
Poc = Vormslorms = O;?ms = Rm (2.9)

Performance parameters
From the above discussion, the performance of a rectifier can be,
therefore, evaluated in terms of the following parameters:
1.The output d.c. power is given by
Pac = Vaclgc (2.10)
2.The output a.c. power is given by

Poc = Vormslorms (2'1 1)
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3. The efficiency of the converter is given by

Pdc
=X (2.12)
7= P

4. Output a.c. component

The output voltage can be considered to have two components:
including (i) d.c. value and (i1) the a.c. components or ripple. The rms
value of the a.c. component of the output voltage is

Vac = ’Vo%”ms - V;C (2'13)

5. Form Factor, FF : It is a measure of the shape of the output voltage.

Vorms

FF =
Vac

(2.14)

6. Ripple factor, RF : It is a measure of the ripple content or the degree
of distortion in a rectified voltage waveform which can be
calculated as

RE rms value of the ac components V.

average value Ve
_ VVobms = Vic (2.15)
Vdc
7. Transformer utilization factor, TUF : This is defined as
P dc
TUF = 2.16
VL (2.16)
where
Vs : rms voltage of the transformer secondary
I; : rms current of the transformer secondary
8. Displacement Factor, DF'
DF = cos® (2.17)

“@” is the phase angle between the fundamental component of the
input current and voltage.
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9. Harmonic Factor, HF

JI2=1

HF =
I

(2.18)

where
I; : the fundamental 7ms component of the input current.

10. Power factor PF : For rectifier , this is defined as

a.c.output power P,
PF =2 — % (2.19)
input volt ampere  S;,

Example 2.1

An 1deal single-phase source, 240 V, 50 Hz, supplies power to a load
resistor R = 100 Q via a single ideal diode.
(a) Calculate the average and rms values of the load current and the
power dissipation.
(b) Calculate the circuit power factor and the ripple factor.
(c) What must be the rating of the diode?

Solution
Vi 240V2 L 08A
@~ R mwx100
LW _ 240V/2 17
orms T IR 2x100

The average power dissipation in the load resistor R is given by the
average a.Cc. pOWer:

2 Vim ’ sz 2

Pac = Iorms XR = (ﬁ) = m = (17) X 100 =289 W
Sin = Ve X Iypms = 240 X 1.7 = 408 W

P, 289
PF=—=——+-=10.708

Sin 408
RF = VVms = Vi = V1Grms — Iic = (—1'7 2—-1 =1.21

Vac lgc 1.08
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The value 1.21 for half-wave rectification is large, since the ideal value of
the ripple factor should be zero for the output d.c. voltage. The diode must
be rated in terms of a peak reverse voltage and a mean forward current.

Diode PRV =V,,=+/2 X 240 = 339.4V —> Choose 400V diode.
Either the »ms or the mean (average) current could be use as the basis of
current rating: Since I,,.,s = 1.7A choose 2A diode rating.

Single-Phase Half-Wave Uncontrolled Rectifier with R-L Load

If the load consists of a series resistor and inductor, the current will
flow through the negative cycle as well; Fig.2.2 shows the circuit
diagram and Fig.2.3 shows the load voltage and current waveform for this
case.

v o |

i D
L
”L | r———
v o+
+
v = Vysinmt - Yo
VL L

—
IS
L

Fig .2.2 Single-phase half-wave rectifier with R -L load.

Fig.2.3 Waveforms for the circuit of Fig.2.2.
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During conduction period, we have by KVL;
Vs =V, = Vg + v

di
Vpsinwt =i R + La (2.20)

Each supply period (cycle) in Fig.2.3 can be divided into 4-distinct regions:-

From 0 — ot;: The current rises from zero to peak, which lags the voltage
peak due to circuit inductance; v; is positive and the inductor store energy.

From ot; — w : The current decays, and hence v, is negative. Both source and
inductor supply energy to R.
From m — f : The current continues to decay until it reaches zero, v; remains

negative, and hence energy is supplied by the inductor to both source and
resistor.

From f — 2n : At p current reaches zero and the diode cut-out. Current
remains zero until the beginning of the next positive half cycle. The average
output voltage is

B
= —f v (wt)d(wt) = —J wSinwt d(wt)

0

[—coswt{ﬂ] Z—m —cosf3 + cos 0]

_le 2.21
_E[ — cos ] (2.21)

The average output current is

I, = ZV_R [1— cospf] (2.22)

Equation of the current:
The equation for the current through R-L load can be found from the
solution of the differential equation (2.20) which can be re-written as:

di
LE + iR =V, sinwt (2.23)

This is a first order differential equation. The solution of this equation has
two parts:
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1- Steady state solution : i (wt) = II/Z—mlsin(a)t —-0)
t
2- Transient solution : Ir(wt) = Ae™=
where

wL
|Z] = /R? + (wL)? , tanf = 3

and
L

T = — = time constant, A = constant

The complete solution is : i(wt) = ig(wt) + iy (wt)

t
sin(wt —0) + Ade * (2.24a)

Vin
|1Z|
The constant A can be found from initial conditions: when t =0 , i(wt) = O:

i(wt) =

Vin
0 = —sin(—0) + Ae™°
|1Z|
Vi .
A sin(6@) (2.24b)

1zl

Substitute Eq. (2.24b) into Eq. (2.24a) yields

Vin

|Z|

Vin

t
sin(f)e 7
|Z]

i(wt) = —sin(wt — 0) +

The final equation of the current is

VR? + (wL)?

The current extinction angle f at which the current becomes zero can be
determined for a given load impedance angle 0 as:

From the final condition of the current, when wt = 8 ,i= 0, hence from
the above equation (2.25) :

i(wt) = [sin(wt — B) + sinfe=c0t? @1] (2.25)

v,
0= - [sin(B — @) + sinfe~ctf -]

VR? + (wL)?

0 = [sin(B — 6) + sinfe~°t0 ]
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sin(f — 0) = — sinfe~c0t0 B (2.26)

This is a transcendental equation which cannot be solved analytically. It
can only be solved numerically by iteration technique. The initial guess of

Bis: B,=180°+ 6 +A, where A is few degrees.

Example 2.2

For the half-wave uncontrolled rectifier circuit supplying a series
resistive-inductive load shown in Fig.2.2. The supply voltage is

v(wf) = V2 x 220 sinwt and the supply frequency is 50 Hz and the load
parameter values are: R =5 Q , and L = 16 mH.
(a) Sketch the load voltage and current waveforms for two cycles.
(b) Calculate the current extinction angle p.
(c) Calculate the average value of the d.c. load voltage (V) .
(d) Calculate the angle of maximum current (wt,) .

Solution
(a) The output voltage and current waveforms are as shown in Fig.2.4.

Y W

wll [P Vo
0 m B , 21 & [ 4n i wt
/ /
v /

Fig.2.4 Waveforms.

(b) From the final condition of the current, when = (8, i(f) = 0, hence
substitute these values in Eq.(2.25) to find f,

i(f)=0= [sin(B — 0) + sinfec0t0 -]

Vi
VR? + (wl)?
0 = [sin(B — 6) + sinfe—c0tf ]

sin(f — 0) = — sinfe—c0t0 B

The solution of this transcendental equation numerically by iteration

technique is as follows:
The initial guess of fis : f,=180°+ 0 +A , where A is few degrees.
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tan 0 = wL/R = 27fL/R = (100w X16 x10 ?) /5= 1

hence 6 =45°. and therefore : 5, = 180° + 6 +A = 180° +45° + (0 = 225°
as a starting value for iteration ( here choose A = 0°):

Table 2.1.
Estimated S
f (degrees ) P (rad) sin(p —0) -sin® e P
210° 3.663 0.2588 -0.0181
220° 3.837 0.0870 -0.0152
225° 3.925 0.0000 -0.0139
226° 3.942 -0.013 -0.0136

By intuition : [ =225.8°.
(c)The average DC output voltage is :
B

B
1 1 ,
Ve = Ef v (wt)d(wt) = %f V,sinwt d(wt)
0 0

Vi B1_ Vm .
Ve = —coswt{o] —E[—cos,8+coso ]

_V2x220

e o [1 —co0s225.8] =84V

(d) Angle of maximum current can be found by differentiating Eq.(2.25)
and equating to zero , hence

di(wt) Vi
= ocos(wt — 45°) — wsin 45° ~(cot45).wt] =
dt  /R? + (wL)? [ !
di(wt)

= [cos(wt — 45°) — sin 45°¢~(cot457).wt] =

dt

Maximum current occurs at wf = wt; as shown in Fig. 2.5, thus

cos(wt, — 45°) = sin 45%~(c0t45) vty
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Solve the above transcendental equation numerically by starting at
ot; = 110°, we get the final solution w?; = 146°.

v
YA DN %
mtlnw J,_r wg F & Tl
/
\ s

Angle of

MAKITT

current

Fig.2.5 Angle of maximum current.
Example 2.3

A circuit is connected as shown in Fig.2.6 to a 240 V, 50 Hz supply.
Neglect the diode voltage drop; determine the current waveform, the
average load voltage and the average load current of (a) A pure resistor of

10 Q, (b) An inductance of 0.1 H in series with a 10 Q resistor. Assume
the extinction angle f = 265 °.

i —

D
>t

(v) ‘
240V rms
50H=z

Fig.2.6.
Solution

(a) For resistive load

vy =V, sinwt =2 X240 sin 2 X 50t = 339.4sin 314t
For single-phase half-wave uncontrolled rectifier:

|4 339.4

Vdc -

=108V

m
T T
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I =Vdc=@=108A
a — R 10 '

The voltage and current waveforms are shown in Fig.2.7 (a).

(a) (b)
Fig.2.7 Current and voltage waveforms : (a) Case of R-load, (b) Case of
R-L load.

(b) For R-L load :
v, v, R,
i(wt) = —sin(wt —0) + —sinfe L
|1Z] |1Z]

|Z| = \JR? + (wL)? = \/10% + (2 x 50 X 0.1)2 = 32.97 Q

6=t '1wL—t -131'4—7230 = 1.262rad
= tan R—an 10 /&2 = & ra
. 3394 | _10,
i(wt) = 3747 [sin (wt — 72.3°) +sin72.3°¢ 0.1}
= 10.295sin(100mt — 72.3°) + 9.1 ¢~ 100t
1 4.62=265"°
Vie = =— 339.4 sinwt dwt =588V
2m J,
% 8.8
I = ;c =5 =588A
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2.2.3 Single-Phase Half-Wave Uncontrolled Rectifier Circuit for Battery
Charging
The single-phase half-wave controlled rectifier circuit containing
simple diode and a current limiting resistance R can be used to charge a
battery of emf E from a single-phase supply (Fig.2.8). The battery opposes
the unidirectional flow of current so that the net driving voltage is v,-FE.

IS D R iL
— —_—
> AN

| +

(@)
g
1l

]

s A (a)

D

0f i i 0T o
is:il‘é .' EI .
RN L
V-E | : P i
VA TEA

g : -

2n 2n+a 3n wt

Q
-
|

(b)

Fig.2.8 Single-phase half-wave controlled rectifier circuit for battery
charging: (a) Circuit, (b) Waveforms.

Neglecting any voltage drop on the diode (which is of the order 1-2 V)
the current flows in the circuit is therefore,

v,—E 1
iLzsR =E(Vmsinwt—E) a <wt<p (2.27)
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where o and g define the current pulse in Fig. 2.8(b). These angles are
defined as

vs—E=V,sina—E=0

Therefore

n-1= (2.28)
a = SIin " — .
Vim

and p=n— « (2.29)

The average value /1, of the battery charging current is defined by

1 2T
Iy, = Efo I; (wt)dwt

Substituting Eq. (2.27) into the above defining integral expression gives

1 (P1 _
Iav=% ) E(Vmsmwt—E)da)t
1w ( +E
=5 g Wm(cosa —cosf) + E(a — B)]
1
S =ﬁ[2Vm cosa+ EQa—m)] (2.30)
Example 2.4

The battery charger circuit of Fig. 2.8 is used to charge a 270 V battery of
electric vehicle from the main supply voltage of 230 V, 50 Hz through a
limiting resistor R =5 (). Calculate the average charging current of the
battery.

Solution
From equations (2.28) and (2.29)

V,, =230 xV2=3252V

L E_ 20
e AT R
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a = 56° and p=n—a=124°

Now from Eq.(2.30) :

1
I, = e [2V,, cosa + EQ2a — m)]

1
= [2 X 325.2c0s56° + 270(2x 0976 —m)] = 1.38A
2T X 5

2.3 SINGLE-PHASE FULL-WAVE UNCONTROLLED RECTIFIERS
2.3.1 Case of Resistive Load
Fig.2.9 (a) presents the circuit connection for a single-phase full-wave,
bridge rectifier loaded with a resistive load. It is sometimes referred to as
the full-wave bridge rectifier. For this configuration, two diodes always
conducting during the same interval to provide a closed loop for the
current. D; and D, conduct whenever the supply voltage (vs) is positive
while D3 and D4 conduct whenever the supply voltage (vs) is negative as
illustrated by Fig .2.9 (b).
Since the load is a resistive load. Then, the load current will have the

. v
same waveform as the load voltage , i, = ;" :

Supply voltage

] [ /\
0 ﬂ'\/ZH W dr ot

Load voltage
T n In dn = ot

Load current

0 b 21 3 4r ot

Vi/ R feeeees . Supply current

(b) Waveforms

Fig.2.9 Single-phase full-wave rectifier with resistive load.
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The average value of the load voltage V. can be calculated as follows:

1" |74 2V
Ve = —j V,sinwt dot = —= (—cosm + c0s0°) = —=  (2.31)
T J, T s

The value of Eq. (2.31) is seen to be twice the corresponding value of the
half-wave rectifier given in Eq. (2.3).
The average value of the load current /. is

[y == 2m (2.32)

(2.33)

The rms value of the load voltage V,,,,; can be calculated as follows:

1 (" 1 ("
Vrms = Ef vZ (wt)dot = E,[ (V,sinwt)? dwt
0 0

= \/ (Vn)? fn%(l — cos2wt)dwt = V—m (2.34)
0

™ 2

The value of V,,,, is seen to be V2 times the corresponding value of the
half-wave rectifier given in Eq. (2.34). It should be noted that V,,,, has
the same rms value as a sinusoidal voltage of same maximum value . This
means that the rms value is not affected by the polarity of the waveform.

The rms value of the load current /,,,, 1S ,

_ Vorms _ Vi (2.35)

I = =
orms R \/ER
The output a.c. power is given by:

V2 (0.707V,,)?
Poc = Vormslorms = O;Qms = R = (2.36)

The PRV for any diode in this configuration is (V,,) ; and The load
voltage ripple factor is
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RF =Y Voms ~ Ve _ 0.48
Vdc

which i1s smaller than the corresponding RF value of the half-wave
rectifier (see Example 2.1).

The supply current i; is a pure sinusoidal as shown in Fig.2.9 (b). This
1s because the application of sinusoidal voltage to the resistive load causes
sinusoidal supply current which is in-phase with the voltage. The average
and rms values of the supply current are,

2T

Is(av) = E'L VmSiTL(l)t dwt =0 (237)
1 (7 Ve Vi

Is(rms) = % . (Fsmwt) dot = E (238)

If we neglect the voltage drops across the diodes, the input power will be
equal to the output power and therefore the power factor of the circuit will
be unity.

2.3.2 Single-Phase Full-Wave Bi-Phase (Center-Tapped) Uncontrolled
Rectifier with R-Load
This rectifier is shown in Fig.2.10. The waveforms and analysis are
same as that for the bridge rectifier of Fig.2.9. Hence, it will not be
repeated here.

N N Vo2

Fig.2.10 Bi-phase (center- tapped) full wave uncontrolled rectifier.

Example 2.5
For the single-phase, full-wave, uncontrolled rectifier shown in Fig.2.9,
the supply voltage is 110 V, 50 Hz. The load resistor is 25 €, calculate:
(a)The average values of the output voltage and current.
(b)The rms values of the output voltage and current.
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(c) The d.c. power consumed by the load (P,.) and the average value
of the power delivered to the load (P,.).
Sketch the appropriate load voltage and diode voltage waveforms.

Solution
(a) The average value of the load voltage V.

2V, 2V2x 110
T B T

=99.035 V

1 YA
Vie = —] V,, sinwt dwt =
T Jo

The average value of the load current

. Vae 99.035
“T R 25

(b) the rms value of the load voltage V,,,, is calculated from Eq.(2.34) :

= 3.961A

V., V2x110
Vorms = 2= — 5 =110V
v 110
Lorms = o;ems = 7T =44A

(c) The d.c. and a.c. power,

VZ  (99.035)2
== o =39231W

Pdc

Vorms _ (110)2
Poe ===~ =484 W

The load voltage and diode voltage waveforms are shown in Fig.2.11.

Vm
Load voltage waveform )
- TN . (_,.-"'—_'_ _\-“"m‘
0 ‘ T 21 ot
4
0 wit
T 2
\ / \\ d /
A Vp . _~~ Diode voltage
-Vm ~ ~——"  waveform
Da+Dy D 1+ DE

Fig.2.11 Voltage and current waveforms for Example 2.5.
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2.3.3 Single-Phase Full-Wave Uncontrolled Rectifier Loaded with Highly
Inductive Load

Fig. 2.12 (a) presents the circuit connection for a single-phase, full-
wave, rectifier loaded with a highly inductive load. Highly inductive loads
are basically R-L loads where L >>> R. Therefore, the load time constant
t =L /R is very high and can be considered infinity. Consequently, the
load current is assumed constant. For one total period of operation of this
circuit, the corresponding waveforms are shown in Fig. 2.12 (b).

During the conduction of D; and D, simultaneously the supply voltage
appears directly across the load so that the load voltage v, (ot) remains the
same form as shown in Fig.2.9 (b) ( same as the case of resistive load).
Hence, the average value of the load voltage V. can be calculated as

follows:
" Vin oy _ 2Vm
Vie =— | Vysinwtdwt = — (—cosm + cos0°) = — (2.39)
m J, T T
& 1‘:'-5'
V=== Supply voltage
0 = oy = wl
+ [
:Il} D, D, 4 la :
/% P :_ N
|
o i Load voltage
Q v | YR vl :
D D. !
4 2 L '
- 0 ] in wt
& Up 1 - .
o 27
Diode
. . A S Voltages
(a) Circuit. Y U -
I Load current
Idu
0 auil
4 is Supply current
I de pr—
0 - - ol
(b) Waveformes.

Fig.2.12 Single-phase full-wave rectifier loaded with highly inductive
load.

57



Chapter 2: AC to DC Conversion :Uncontrolled Rectification

Since the load is a highly inductive load. Then, the load current is
considered constant (ripple free current) and its average value is

Vee 2V,
I = —-——— 2'4
@~ R T nR (2.40)

and the d.c. power is
Vic
Pae = Vaclae = R (2.41)

The rms value of the load voltage V,,,,; can be calculated as follows:

1 A
Virms =J ;f (V. sinwt)? dwt
0

T

= (Vm)zfﬂlb 2wt)d t—V—m 2.42
= 02( cosa))a)—\/E (2.42)

Therefore the rms value of the load current /,,,, 1S

V %
Lorms = % = \/_TmR (2'43)

Since the load current is constant over the studied period, therefore, the
rms value of the load current 7,,,,; 1s

Lorms = lac = Is (2.44)
The output a.c. power is given by:

V2 (0.707V,,)*
Pic = Vormslorms = O;ms = R = (2.45)

2.4 HARMONIC CONSIDERATIONS OF THE OUTPUT VOLTAGE
AND CURRENT WAVEFORMS OF THE SINGLE-PHASE FULL -
WAVE RECTIFIER

2.4.1 Voltage Waveform Harmonics
The output voltage waveform of the single-phase full-wave rectifier is
shown in Fig.2.13. It is re-drawn with the supply voltage is taken as
cosine wave instead of sine wave for sake of simplifying analysis.
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v, (wt)=V,, coswt

Fig.2.13. Voltage waveform
of full-wave rectifier.

wt=0

14 n
2 2

The output voltage waveform can be expressed in a Fourier series as,

v, (wt) = ay + Z (a, cosnwt + b, sinnwt) (2.46)
n=1,2,3,.

where n = is the order of harmonic.

The Fourier coefficients are defined as (See Appendix-A)

2 _ 1 fzn (ot)dwt (2.47)
—=— | vy(ot)do :
2 2n), °
1 2T
a, = Ej v, (wt) cos nwt dwt (2.48)
0
1 2T
b, = ;,f V,(wt) sinnwt dwt (2.49)
0

where
a, 1s the average value or the d.c. component of the output voltage
waveform.
a, is the cosine-term of the n'™ order harmonic.
b, is the sine-term of the n™ order harmonic.

In this case, the Fourier coefficients are:

2V,
Vp, cos wt dwt = —

ap = Vdc = (250)

QR
NI‘:ISM:]
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1
a, = - V,, cos wt cosnwt dwt

|
NI:I\: N

W~
W= Z (n+1)(n—1) (251)

b, = V,, cos wt sinnwt dwt =0 (2.52)

Q|-
Nf:\\m;‘

The amplitude of the nth order harmonic ¢, can be found as,

C, =+JaZ + b2 (2.53)

and the phase-angle 1,, of the n™ harmonic component is given as,

a
Yy = tan—lb—" (2.54)
n
Hence, the output voltage waveform expressed in Fourier series as,
(wt) = 2V _ 2t+4V 4ot Hn 6wt + -
V, (W - 37 (0520 o, 0054w 35, C0S 6w
+ - (2.55)

The first term on the RHS is the d.c. value. The second term is the
dominant output ripple, which in this case is at twice the supply
frequency; the third other terms are the higher order ripples. The
amplitude of this ripples reduce as the harmonics number increases. All
ripple components are unwanted.

For the half-wave rectifier, it is found that the Fourier series for the
voltage waveform of Fig.2.1 is

V. 2V, 2V
v,(wt) = =+ Zsinwt — —=cos 2wt — —cos 4wt + -
T 2m 3n 157

. (2.56)

Harmonic spectra of the output voltage waveform of the full-wave
rectifier are shown in Fig.2.14 for the case when the load is purely
resistive.
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From Fig.2.14, it is seen that the zero frequency component n = 0 or the
d.c. component is the dominant one in the spectrum, and that the second
harmonic, corresponding to n=2 is the most significant harmonic ampli-
tudes. Only even harmonics are existing and any odd harmonic number
are all of zero value in this case. The harmonic spectrum of Fig.2.14 has
an envelope identical to a Fourier integral of the mathematical form

SIncx.
Harmonic spectral of uncontrolled rectifiers p=2
60| u
50 -
g 40 T
2
a
o
[+5)
= 30 -
%
=
=L
20 1
10| .
0 I I | | | - - = =2 -
0 200 400 600 800 1000 1200
Frequency(Hz)
n 1] 2 4 ] B 10 12 16 20
Hz 1] 100 200 300 400 500 &0 BOO 1000
cimj 63.63635 42.42423| B.4B4847 3636363 2020202 1.285583 0.890019| 0.499109 0.318979

Fig.2.14 Harmonic spectra for the output voltage of the single-phase full-
wave rectifier, with normalised V,, (=100%).

2.4.2 Input Current Harmonics
If ripple-free load current in steady-state is assumed, the input current
iy waveform of the single-phase full-wave rectifier may then be depicted
as shown in Fig.2.15 for an ideal input transformer.

is

Fig.2.15 Input current waveform for single-phase full-wave rectifier.
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Diodes D; and D, carry each half cycle of the load current and input
current i; is a square wave a.c. waveform as indicated. The actual input
current waveform includes the transient behavior of the load in each half
cycle and its harmonics are quite difficult to obtain analytically. With the
assumption that the supply is ideal and perfectly smooth and ripple free
load current, which implies an infinitely large load inductance, it is quit
straightforward to obtain an analytical expression for the input current
harmonics.

The rectangular wave of Fig.2.15 is defined as,

f(wt) = ig(wt) = I, O<wt<m
= —Ig, T<wt<2n

Hence, the Fourier coefficients of the rectangular wave are,

1 T 1 21
ap = ﬂfo I(wt) dwt +%L is(wt) dwt
1 T 1 21
= fo (lae) dot + o~ L (=I,.) dot =0 (2.57)

1 T 1 21
a, = E,[ (14.) cosnwt dwt + ﬁf (=Iz.)cosnwt dwt =0
0 T

(2.58)
1 T 1 27
b, = —f (I4c) sinnwt dwt + —J (—=Izc)sinnwt dwt
Tt 0 T T
1
=21 cosnwt |7(§ + cosnwt |27T ]
nm T
Idc
= —/[(coso — cosnm) + (1 — cosnm) |
nm
I I
= & [1—cosnm + 1 — cosnm] = ﬂ(l — COSNT)
nm nm
e Whenniseven(2,4,6...)cosnt=1, —> b,=0.
e Whennisodd (3,5,7...) cosnt=-1
41,
n=—2 (2.59)
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The Fourier series is given by:
[e e}

ij(wt) =a, + Z(an cosnwt + b,sinnwt)

n=1

Hence the input current can be represented by Fourier series as,
. o Hac
is(wt) =0+ Z(O + ——sinnwt)
nm
n=1
, 4Idc ,
or i,(wt) = Z ——sinnwt
4 nm
n=

4] 4] 4]
= isin wt + isin 3wt + isin Swt
T 3w 5w

. (2.60)

In more general form (2.60) may be written as

4], ./k 4], ./k 41,./k
ac/ sin wt + dc/ sin 3wt + ac/

VA VA T
+ o (2.61)

sin Swt

is(wt) =

where k is the transformer turns ratio between primary and secondary
windings. The transformer magnetizing current has been neglected in this
analysis .

Note that in the above circuit, the input current waveform i, has no d.c.
value. The first term for n = 1, is called the fundamental and the higher
order terms are the harmonics which are unwanted. The harmonic
spectrum of the input current wave is as shown in Fig.2.16.

I 1st
=
=
7
g
3]
=]
=
=
=
3 3rd (0.33)
g 5th (0.2)
3 7th (0.14)
9th(0.11)
|  11¢(0.09)
1 3 5 7 0 11 o

Fig.2.16 Harmonic spectrum of the input current wave.
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It is clear from Fig.2.16 that:
e The harmonic amplitudes reduce as the harmonic number
Increases.
e No even harmonics.
e Nearest harmonic is the third, if the fundamental is 50 Hz, then the
third harmonic is 150Hz and the fifth harmonic 250 Hz as shown in
Fig.2.16.

2.5 POLY-PHASE UNCONTROLLED RECTIFICATION
For most industrial applications poly-phase rectifier circuits are used.
The circuit employed may give either half-wave or full-wave, controlled
or uncontrolled rectifier circuits. In these rectifier circuits, the comm-
utation processes involved are purely natural by the cycling of the supply-
side voltages. Hence there is no reason in using gate turn-off devices and
such rectifiers can employ thyristors as switches. When poly-phase a.c. is
rectified, phase-shifted pulses overlap each other to produce d.c. output
that is much “smoother”, i1.e. has less a.c. content than that produced by
single-phase rectification. This is considered as an advantage in high-
power rectifier circuits, where sheer physical size of filtering components
would be prohibitive but low-noise d.c. power must be obtained.
The following assumption are made during the studying and analy-
sing the polly-phase rectifier circuits :
(a) All phases of the supply are identical, balanced, pure sinusoidal
and displaced exactly by 360°/p from each other, where
p = number of phases ( p = 3 for three-phase system and P = 6 for
six-phase system ...etc).
(b) The leakage reactances of the supply are neglected for all the
phases.
(c) The switching functions are symmetrical and are phase shifted by
360°/ p with respect to each other.

2.5.1 Three-Phase Half-Wave Uncontrolled Rectifier
Fig.2.17 shows a three-phase half-wave uncontrolled rectifier with
resistive load. The rectifier is fed from an ideal three-phase supply
through delta-star three-phase transformer.
The principle of operation of this convertor can be explained as follows:

e Diode 1 which has a more positive voltage at its anode conducts for
the period from n/6 to 5n/6. In this period D, and D; are off. The
neutral wire provides a return path to the load current.

e Similarly, diode 2, and 3, whichever has more positive voltage at
its cathode conducts.

e The conduction pattern is: D, ,D,, Ds.

The output voltage and current waveforms are shown in Fig.2.18.
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D1
A a I1>’|—\
v
Three - phase \‘m o I
supply n b ry de L
p. L= o T "
/ bn
B e | N Ven D3 R § Vac
Cie - |
Prmary Secondary

Three - phase Transformer

Fig.2.17 Three-phase half-wave uncontrolled rectifier with R-Load.

Supply voltage waveforms
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Fig .2.18 Load voltage and current waveforms for the three-phase, half-
wave uncontrolled rectifier.
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Analytical properties of the output voltage waveform

Let wv,=V,sin wt
Vo = Vi sin (ot -2/ 3)
Ven = Vypsin (ot -4 7w/ 3)

The average value V,. of the output (load) voltage waveform v,(wft)
shown in Fig.2.17 can be found as

v ! 57T/6V nwt dot = 3V [ t] >/
e = 2% e m Sinwt dwt = o cosw /6
3V, V3 V3
—E[—(cos——cos—] [ (————)]

_3V31,

2T

(2.62)

The load current /. is:

3V3V,
lac = 2mR

(2.63)

Note that the secondary windings of the supply transformer carry
unidirectional currents, which leads d.c. magnetization of the transformer
core. This implies that the transformer cores have d.c. flux, so that for the
same a.c. voltage and hence flux swing, it must have larger core size than
is necessary. This problem of d.c. magnetization is avoided using bridge
rectifier circuit.

Example 2.6

Power is supplied to a load resistor R from a three-phase zero-impedance
supply of balanced sinusoidal voltages using half-wave bridge circuit of
Fig.2.19 . The three diodes may be considered as ideal switches.
(a) Sketch the phase current waveform i, (ot) in phase-a with respect to
the phase voltage v,,(ot) ="V, sin wt .
(b) Show that the rms value of the phase current current is:

4
1, = 0.485%‘

Hence, calculate /, of the phase current, compare with the value
for sinusoidal operation.
(c) Sketch the load current waveform and specify, by observation, the
lowest ripple frequency.
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Fig.2.19 Three-phase
Half-wave rectifier.

-V _|... ia
Solution

(a) The waveform of the current in phase - a is depicted in Fig.2.20.

ig ] /\ir Phase - corrent /_\fa
|

- | » 0t
| w6 5a/6 n

Fig.2.20 Current waveform in phase - a.

(b) Phase current (i,) :
Let the phase current i, (»t) in phase - a with resistive load be ,

iy (ot) =1, sinwt

where : 1, =V, /R , hence the rms value of i, is:

_ 11 T-z dt = 1 5?”2 P2 d
I, = Tjola (wt)dt = EJ% 12 sin?(wt)d(wt)

5
n I, = i 1}{(1 t)d(wt) = 0.485]
"“_m/EZg coswt)d(wt) = 0. m
For sinusoidal operation
Iyyms = —= = 0.7071
arms \/E m

(c) The ripple period is given by 2?” which represents the lowest ripple
frequency = 3 times the supply frequency as depicted in Fig.2.21.
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ripple

Fig.2.21 The ripple frequency.

2.5.2 Three-Phase Full-Wave Uncontrolled Bridge Rectifier
Fig.2.22 shows a three-phase full-wave uncontrolled bridge rectifier
with resistive load. The rectifier is fed from an ideal three-phase supply
through delta-star three-phase transformer. The principle of operation of
this convertor can be explained as follows:
Each three-phase line connects between pair of diodes, one to route power
to positive (+) side of load, and other to route power to negative (-) side
of load.
e Diode 1, 3 and 5, whichever has a more positive voltage at its
anode conducts.
e Similarly, diode 2, 4 and 6, whichever has more negative voltage at
its cathode return the load current.
e The conduction pattern is: 16-36-34-54-52-12.
e FEach diode conducts for 120° in each supply cycle as shown in
Fig.2.23.

I

Load

\ Dy ZF Dy |
Vier

Fig.2.22 The three-phase full-wave, uncontrolled rectifier.

The output voltage is the instantaneous difference between two appro-
priate phases at each instant as depicted in Fig.2.23, and the resultant d.c.
output voltage wave is shown in Fig.2.24.

To find the average voltage V,. on the load, assume that the line to line
voltages are represented by the following equations,

Vab = Van — Vo = Vpsin(wt) -V, sin(wt + 21 /3),
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' Vi Ven
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120° »}‘- :'I_2.'I:}rO -...|

Fig.2.23 Each diode conducts for 120°.

) _~ Vo Output voltage waveform
1""]_—Lm :

Line - line Voltage

“lt:.u.a =+

- "'i—l_m

Fig.2.24 The line to line supply voltage and the output voltage waveforms.

hence
[
Vap (wt) = V3V, sin (wt + E) (2.64)
Similarly,
T
vpe(wt) = V3 V,sin (wt - E) (2.65)
T
Ve (wt) = V3 VY, sin (wt - ?) (2.66)

The resultant output voltage waveform appears across the load is the
line to line values of the three-phase supply as shown in Fig.2.25.
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\l"' Vv 1’!:.':1 1’:11: Y, 1’1?:.' vfm vca 1':r:JTJ I
3 m -"\..P - fou, ﬁ ﬁ h JI""'_-"'\.. d,[-'
N \Tr N7 - \If \I
| | | | | I
' [ : [ [ [
: ! Load voltage waveform ' :
| : I | |
| | : | | |
| | \ 1
|] i i | : | : — ot
0| = x gn * In 1t 27 13n 158
6 2 6 6 6 6 6

D1+D2

Fig.2.25 The d.c. output voltage waveform.

The average value V. of the output voltage can be calculated by integra-
ting over 1/6 of a cycle,

3 /2
Vie = —f Vgp(wt) dwt
Tt /6

T[
3 (2 ) T
= ;J‘E V3V, sin (wt +€)da)t
6

/2

. 7T = 7T
=— V3V, (sin wt cos— — cos wt sin = )dwt

3 (/2 V3 1
=— V31, <sin wt > + cos wt E) dwt

T /6

20 (g (2o (C) o o 2) - s (3]
3V3V,,

R (2.67)

The load current /1, is:

_3V3Y,
dc — R

(2.68)
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The average power is:

3V3V, y 3V3V,, 27V
T TR 2R

Pye =Vyclye =

(2.69)

The waveforms of the supply line current through phase-a and the current
through diode D, are shown in Fig.2.26 for resistive and inductive loads .

R- Load

Supply current wavelorm through phase -a

Vave |
L 6 - ] = gl
u l En ' w )
6 6
=Vava |
1 ‘or Current waveform through diode I
m )
o T En " 2n
& 6
(a)
i R -L Load
‘a Supply current waveform through phase -a
Lgc -
_,J’H-J a 6 . 6 -
0 wi
X Sz " 2
6 6 \\_//
-1 F
1 ‘s Current waveform through diode I,
= ol
o T Ex = 2n
& 6
(b)

Fig.2.26 Waveforms of the supply line current through phase-a and the
current through diode D; in a three-phase full-wave rectifier
bridge: (a)With resistive load, and (b)With highly inductive load.

71



Chapter 2: AC to DC Conversion :Uncontrolled Rectification

To calculate the power factor, for phase - a for example:

1 57t/6
Lyyms = E-L/ Ic%c dwt
6

I = @[5_”_2]= E[ (2.70)
arms T 6 6 3 dc .

1 57'[/6 . \/g
P = —f I Vipsinwt dwt = —V,, 1,4, (2.71)
Vs 7'[/6 T
V3
PF = = ~ ~ 096 (2.72)

Vrmslrms_ V_m\/zl B
\/E 3 dc

Compare to 0.91 for the single-phase full-wave bridge rectifier. Also the
three-phase bridge rectifier uses 6 diodes, while single-phase bridge
rectifier uses only 4 diodes.

Regarding the ripple voltage for the three-phase bridge rectifier it is at 6f
and is small in magnitude, while for single-phase bridge rectifier it is at
2f- This means that the three-phase bridge rectifier output voltage is easier
to filter.

2.5.3 Six-Phase (Hexa-Phase) Uncontrolled Rectifier

To get more smooth output voltage waveform, higher phase numbers
than three may be used. Poly-phase systems with more than three phases
are easily accommodated into bridge rectifier scheme. Once poly-phase
power is available, it may be converted to any desired number of phases
with a suitable arrangement of transformers. Common practice for
rectifier installations and in HVDC converters is to provide six phases,
with 60 degree phase spacing, to reduce harmonic generation in the a.c.
supply system and to provide smoother direct current. Six-phase power
has the same voltage between adjacent phases as between phase and
neutral.

Six-phase half-wave (6-puls) rectifier circuit

A six-phase supply is obtained from a three-phase system using
transformer with centre tapped secondary winding as shown in the
Fig.2.27. This circuit is, in fact, a six-phase, half-wave rectifier.
Obviously, each diode in this circuit conducts for one-sixth of a cycle.

72


https://en.wikipedia.org/wiki/Rectifier
https://en.wikipedia.org/wiki/HVDC

Power electronics and drives

Hence, the conduction angle of each diode will be 60° only. The supply
and output voltage waveforms are shown in Fig.2.28.
Referring to Fig.2.27, the average output voltage may be given by,

3 21t/3 3Vm
Ve = —f V., sinotdwt = — [cos120° — cos60°]

T /3
3V,
Vie = — (2.73)

I
The output voltage has a mean value of 0.955 V,,. Ripple has a very small
value and a fundamental frequency six times the supply frequency.

Vbn Vien

Three-phase supply [: I
A )
1 >|_ Ven Vin

Commeon neutral

Fig.2.27 Six-phase rectifier.

¥ Ven Van Vien Viu Vin Ven Output voltage

Fig.2.28 Six-phase rectifier: Input and output voltage waveforms .
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Six-phase full-wave (12-puls) rectifier circuit

In many applications, it is necessary to reduce ripple in the output d.c.
voltage waveform as much as possible. For example the ripple of a three-
phase full-wave rectifier is about 4.2%. This can be reduced to about 1%
by increasing the ripple frequency to twelve times the input frequency by
using six-phase full-wave rectifier circuit. To construct a six-phase full-
wave rectifier circuit, two three-phase full-wave bridges are connected in
parallel as shown in Fig. 2.29.

LOAD

]

Fig.2.29 Six-phase full-wave rectifier.

The conduction period for each two diodes will be 30° in this case. The
six voltages to neutral will be:

v, =V sinot , Ve =V, sin( ot — 180°)
v, =V, sin(ot — 60°) vy = Vp, sin( ot — 240°)
v, =V, sin(ot — 120°) Ve = Vp, sin( ot — 300°)

Vap = Vi sin ot — V;, sin( ot — 60°)

Vap = Vip[ sin ot — (sin ot cos60° — cos wt sin60°)]

Vap = Vi, [E sin ot + —cos ot]

= V,[sin ot sin30° + cos ot cos30°]

v Vg =V, cos(wt — 30°) (2.74)
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2.6 GENERAL FORMULA FOR THE OUTPUT VOLTAGE OF

A P-PULSE UNCONTROLLED RECTIFIER
A general expression for the average d.c. output voltage can be

derived for any number of phases (p-pulse) when the load is connected
between the cathode rail of the converter and the neutral of the
transformer secondary.
Let us consider a p-phase rectifier having maximum voltage V,, / phase.
The waveform of the output voltage will be as shown in Fig.2.30.

e 21 —_—
21
a P 0w
LA S 5 SN

s . 4 * / *

'\\ hY Ay
T owt=0 T
P P

Fig.2.30 P-phase rectifier voltage waveforms .

The average d.c. voltage V. is,

1 (+5)
Ve = o f V,, cos ot dot
(

/[
Vi sin; (2.75)

33U,

which is the same result as that given in Eq. (2.62).
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2.6.1 Output Current of P-Pulse Converter
The current in p-pulse rectifier is supplied by each phase of the
transformer secondary windings for a period of 2n/p only of each cycle.
Hence the secondary current is a train of pulses as shown in Fig.2.31.

The mean current per phase - a

2m/p
Id(av) = E-fo IdC dwt

I-EI
Lac
Fig.2.31.
2Zn
e 21 —
Iy
Id(av) = ?C (276)

The rms current, /,,,; , per phase is,

2
Ly = jif %12 dot =% (2.77)
= 2 = .
arms 27_[ 0 [ \/5
Hence for 6 — pulse converter
I
Lyms = =< (2.78)
V6
For 12 — pulse converter
— Idc _ Idc (2 79)

I —
arms 1—1 2 \/i \/8

So for the 12- pulse converter I, decreases by factor of /2 , but twice
as many devices , each device carries the full current for half the time; and
ohmic loss in devices, transformers lines depends on the rms value of the
current itself.
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2.6.2 Power Factor of a P-Pulse Rectifier
The power factor of a rectifier is , as defined before, is the ratio of
power output in watt and the volt-amperes drawn from the supply, hence,

Watts output Vaclae

~ Volt Amperes supplied pV_mI
\/7 arms

p . T
T Vmﬁ IogrmsSin—> 2 T
PF ="— P_vP.~ (2.80)
p\/_r%larms T p
Example 2.7

A three-phase (3-pulse) half-wave uncontrolled rectifier supplies a load of
5 kW at 240 V. Detrmine the rating of the secondary winding of the
supply transformer and the input power factor.

Solution
For 3-pulse rectifier, the average output d.c. voltage of the rectifier V. is,

3 o m 3V3Y,
Vac = — Vi sinz = 2nm=24ov
3V3Y, 21 X 240
240 = T 5 Yy=————=290V
21 3V3

The rms value of the supply voltage is

Vv, = U = 205.14V
S \/7 .

000

Output current [;. = S0 - 20.8A

The rms value of the secondary phase current, /,,,,; ,

I,. 208
@ _"""—12A

I —
arms \/5 \/§
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Transformer rating per phase = Vil ;s = 205.14 X 12 = 2461.68 VA

Total transformer rating in kVA = 2461.68 X 3 = 7.385

2 T V2X3 T
VP sin§=0.675

[ p /[

HARMONIC ANALYSIS OF P-PULSE UNCONTROLLED
RECTIFIER

The output voltage waveform v,(wt) of a p-pulse converter shown in
Fig.2.30 may be represented in terms of its harmonic components using
Fourier series as,

v, (wt) = ay + Z a, cos(nwt) + Z b,, sin(nwt)
n=1 n=1

where, a, , a, and b, are the Fourier coefficient that may be written as:

wt
1 (2 p
o =— _w_tv(wt) wt
2
’ wt
2 (2 p
n = — __wtv(a)t) cos(wt) dwt
wt
b 2 (2 _ p
n= _wtv(a)t) sin(wt) dwt =0

for function f (wt) symmetrical about w? = 0 (even function harmonic
series only).

ay =V, —sin— S Vae =ap =

T p
T P /[

/[
| 7% sin; (2.81)

This result is the same as that given in Eq.(2.75).
For evaluating, a,,, regain integration productivity

[ cos(wt) cos(nwt) dwt.
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Now [udv = vu — [v.du (integration by parts)
[ cos(8) cos(nb) dwt. cos (0) =dv, cos(nfd) =u

j cos(0) cos(nb) dwt. = sin(@) cos(nb) + nj sin (@) sin(nf).do

Also sin(8) = dv ,sin(nf) = u
So

[ sin (8) sin(nB).d6 = — cos(8) sin(nf) — n [(— cos(8)) cos(nb).do
j cos(8) cos(nf) dwt = sin(8) cos(nf) + n[— cos(0) sin(nb)

+ f ncos(né)cos(0).d6

1
j cos(0) cos(nf) dwt = —
n —

T

P
Sd, = %f_n v, cos(wt) cos(nwt) . dwt

7 [ncos(0) sin(nf) — sin(O) cos(H)]

Vinp

= m [ncos(wt) sin(wt) — sin(wt) cos(wt)]

|4

- s (B 2) - (2o () (Bosn (2

ncos (=) sn (< 5) + sin (=) s (n (=)

Now n =cp, i.e. a multiple of p.

~ sin (’r%n) =0, cos <T;Tn) = +1

a, = % [— sin (%) cos (n %) — sin (%) CoS (n %)]

()

= — —V sin (nz — 1) (282)

/A

The amplitude c,, of the n™ order harmonic is:

ch = a2 +b,% =+a,?2+0=a, (2.83)

The phase angle 1,, of the n™ order harmonic is:
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a a
P, = tan-lb—” = tan‘an =ow 1P, =90° (2.84)
n

Application of the general equation to single-phase full wave:

For P =2 full wave single-phase converter, applying Eq. (2.75) yields

a, =V, (g) sin (g) = %

a, = — % <n2VT 1) sin (%) cos (n %)

= _?4 <n2VTi 1) sin (g) cos (n g)

—4v
and Ch = (le——l)
2V, 4V, v 4V,
& vo(wt) = 7"1 — 3—:COS(2wt) + 15—mTcos(4wt) — ﬁcos(&ut)
+ e (2.85)

which is the same as that obtained in Eq.(2.55). The amplitude of the
fundamental component is: ¢c;= 0, since the function contains even harmo-
nics only. Harmonic spectra for the output voltage waveform for 3- pulse
(p=13),and 6-pulse (p = 6) converters are shown in Fig. 2.32 . It is clear
that as the number of pulses is increased, the value of the output d.c.
voltage is increased. The second order harmonic is also increased signific-
antly, however, the higher order even harmonics are increased also but
their increasing is small compared with the second harmonic.

Now if the number of pulse is increased to 12 , the d.c. value will not
increase a lot as expected, and the second harmonic remains the dominant
one in the spectrum beside the d.c. component. This shown in Fig.33
which gives the frequency spectra of the output voltage for 12-pulse
converter.

USES OF POLY-PHASE UNCONTROLLED RECTIFIERS

Uncontrolled rectifiers are extensively used in a number of power
electronic based converters. In most cases, they used to provide an
intermediate unregulated d.c. voltage source, which is further processed to
obtain a regulated d.c. or a.c. output. They have, in general, been proved
efficient and robust power stages. However, they suffer from few distinct
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Harmonic spectral of ucontrolled rectifiers p=3

160 ! ' .
140 -
120 -
g 100 E
2
§ 80 -
%-
g w0 .
40 .
20 -
0 I | | - - " 1 -
o 200 400 |00 800 1000 1200
Frequency(Hz)
n 0 2 4 6 8 10 12 16 20
Hz 0 100 200 300 400 500 600 800 1000
c(n) 165.372 55.1241 11.0248 4.72492 2.62496 1.67043 1.15645 0.64852 0.41447
(a)
Harmonic spectral of uncontrolled rectifiers P=6
180 1
160 .
140 -
'fg 120 .
;5 100 -
% 80 .
£
=T
60 E
40 .
20 1
0 I '] ™ " 4 -
] 200 400 600 800 1000 1200
Frequency(Hz)
n 0 2 4 6 8 10 12 16 20
Hz 0 100 200 300 400 500 600 800 1000
c(n) 190.979 63.6596 12.7319 5.45654 3.03141 1.92908 1.33552 0.74894 0.47864
(b)

Fig.2.32 Harmonic frequency spectra for the output voltage waveform for:
(a) 3-pulse (p =3), and (b) 6-pulse (p = 6) converters.
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Harmonic spectral of uncontrolled rectifiers p=12
1 ! - ' !

180 -
160 F -
140 R

1208 .|

80 1

Amplitude(perunit)
8

60§ .|

408 -

208 1

D I l a . - e .
o] 200 400 00 800 1000 1200

Frequency(Hz)

n 0 2 4 6 8 10 12 16 20
Hz 0 100 200 300 400 500 600 800 1000
c(n) 197.721 65.9071 13.1814 5.64918 3.13843 1.99719 1.38267 0.77538 0.49554

Fig.2.33 Harmonic spectra for the output voltage waveform for the
12-pulse converters (p = 12).

disadvantages. The main among them is their inability to control the
output d.c. voltage / current magnitude when the input a.c. voltage and
load parameters remain fixed. They are also unidirectional in the sense
that they allow electrical power to flow from the a.c. side to the d.c. side
only. These two disadvantages are the direct consequences of using power
diodes in these converters, which can block voltage only in one direction.

It has been shown in the analysis carried on in this chapter that, the
output d.c. voltages for half-wave and full-wave three-phase rectifier
circuits in terms of the rms value of the supply phase voltages are 1.17 V
and 2.34V respectively. Apart from greatly increasing the output voltage,
using three-phase rectification reduces the magnitude of the ripple voltage
and increases its frequency to either three (for half-wave) or six (for the
full-wave) times the supply frequency.

Hence, poly-phase rectifiers are only used where the efficiency of
rectific- ation is more important than the cost of the rectifier itself. This is
generally the case when the output d.c. power of the rectifier exceeds
about 11kW. Many industrial plants, broadcast, and television stations
requiring up to 20,000 volts d.c. at peak currents of 10A or more utilize
poly-phase rectifiers. Poly-phase circuits have also the advantage over
single-phase types of developing fairly steady output d.c. voltages that
requires little filtering.
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2.9 THE FREEWHEELING DIODE

2.1

The operation of both single-phase and poly-phase circuits is normally
modified by including a freewheeling diode across the load whenever the
load is inductive. This diode blockes the flow of rectifier current but
allows the load current to circulate during period of negative supply
voltage. Fig.2.34 shows a simple single-phase, half-wave rectifier with
inductive load and freewheeling diode. When the freewheeling diode

i &

\VA°

v

nU FWD * (i
(D v, & 0 D 7\ FWD =@
L Conaucts | Cconducts |

Fig.2.34 The freewheel diode FWD.

FWD is removed from the circuit, the inductive load maintains a contin-
uous current and forces rectifier current flow during periods of negative
output voltage. When the freewheeling diode is connected to the circuit,
it immediately comes into conduction whenever the supply voltage
reverses.This allows the load current which is maintained by the load emf
to circulate during period of negative supply voltage at the load and the
rectifier current becomes zero. The load is effectively short circuited by
the freeeheeling diode until suplly voltage becomes positive.

For all the above circuits the d.c. output voltage is directly proportional
to the a.c. supply voltage and it cannot be regulated or controlled. By
replacing the simple diodes by thyristors (SCRs) such control becomes
possible.

PROBLEMS

A circuit consists of a resistor R ,inductor L and diode D in series ,
supplied from an ideal source of instantaneous value v =V, sinmt.
(a) Derive an expression for the time variation i(wt) of the
instantaneous current in terms of V,, , (Z=VR?+ X?) and
® = tan ! wL/R.
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(b) Sketch roughly to scale ,consistent time variations of v, i and the
inductor induced emf v, if @ = 60°.

(c) Show that , with a load time constant T = L/R, the instant of the
cycle when the inductor emf'is zero is given by the transcendental
equation

cos(wt — @) = cos @ e~ /7

2.2 For the half-wave uncontrolled rectifier circuit supplying a series resistive-
inductive load shown in Fig.2.35. The supply voltage is v =\2x220 sinwt
and the supply frequency is 50 Hz and the load parameter values are:
R =10 Q, and X; = 20 Q . The current i for the conduction interval wt =0
to wt=p1is given by:

|4
i(a)t) =T [sin(a)t — 9) + sinfe—coto .wt]

|z|
where |z|=/R? + (wL)? and tan 0= wL/R

(a) Sketch the load voltage and current waveforms.
(b) Calculate the current extinction angle p.
(c) Calculate the average d.c. load voltage V..

Lg

Fig.2.35.

VAR
\&/
4
N
sr
g
~

[Ans: f=249.25°, V,;.=64.69 V ]
2.3 A single-phase half-wave uncontrolled rectifier supplied from 70 V a.c.

supply is used to charge a 50 V battery through a 10 Q resistance as
shown in Fig.2.36. Determine the average value of the current in the

circuit.

[Ans: 1.053 A]
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24

2.5

2.6

2.7

Fig.2.36. 100

TOV
RMS

— E=50V

An ideal single-phase source, 230 V, 50 Hz, supplies power to a load
resistor R =40 Q via a single ideal diode. Calculate the average and rms
values of the current and the power dissipation. What must be the rating
of the diode?

[Ans: Iz =2.59 A, I1ms =2.875 A, P, =330.6 W,Ip=3 A, Vp=400 V]

A single-phase, full-wave diode bridge is used to supply power to a
resistive load of value R = 75 Q. If the supply voltage is sinusoidal,
vy = 400 sin ot, calculate the average and rms values of the load current.
Calculate the ripple factor for the load current and compare this with half-
wave operation.

[Ans : 7.63A , I, = 8.5 A, RF = 0.487 compared with 1.21 for half-wave
operation]

Derive expressions for the average and rms currents for a single-phase,
full-wave uncontrolled diode bridge circuit loaded with pure resistive
load. Show that the ripple factor is less than the value for half-wave
uncontrolled rectifier circuit with resistive load. What is the ideal value of
ripple factor?

A single-phase supply vy = V,, sin ot supplies power to a resistor R
through an ideal diode. Show that the load voltage v,(ot) can be
represented by the Fourier series

1 1 2
v (wt) =V, <E+ 3 sin wt — 3, Cos 2wt + )

2.8 A single-phase supply v, = V2 X 240 sin ot, 50 Hz, supplies power to an

R-L through an ideal diode as shown in Fig.2.37.
(a) Sketch , approximately to scale for at least two cycles , the

waveforms for vy, v, and i, given that the current i,
conducts for 222° before it goes zero. Neglect source
impedances.

(b) Show that average value of the output voltage is: V, = 95.4V.
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/o
S

R A— L1

Fig.2.37. . % .
1’.’? ‘ ‘ 1’5

———
-
Q\"

2.9 For a single-phase, half-wave diode rectifier circuit with resistive load
and supply voltage v, = V,, sin ot, obtain an expressions for the Fourier
coefficients a;, b; and ¢; of the fundamental component of the load
current.

2.10 For the circuit shown in Fig.2.38 ,
(a) If the current is assumed to be continuous, prove that the load
current i, is given by

|74
iy = = sin(wt — 0) + —sin 6 e‘(R/L)t]
VR? + (wl)? 1 — e~ R/DG)
where i
w N
0 =tan 1 —
J& J& N
: I,
D, i E
vs= ¥, sinet Vo .
7o g

(b) If the current is assumed to be discontinuous starting from zero ,
prove that the load current i, is given by

Vi
i =——=[sin(wt — 0) + sin 9 e~ R/}t
o = TRy on@e =) ]
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2.11 A single-phase full-wave uncontrolled bridge rectifier is supplying a
highly inductive load (L/R ratio is very large), the load current is
assumed to be smooth and ripple-free. If the supply voltage is 220 V,
50 Hz, and the inductor load resistance R = 22 Q, Calculate:

(a) The average output voltage V. and current /.
(b) The rms value of the output voltage V,,,,,; and current 1,,,,,,; .
(¢) The rms value of the diode current /p,,,and the PRV of each diode.

[Ans: (a) 198.1 V,9 A, (b) 220 V,10 A, (c) 4.5 A, 155.5 V]
2.12 Repeat problem (2.11) with Bi-phase rectifier type and compare your results.

2.13 A single-phase, full-wave, uncontrolled diode bridge rectifier is used to
supply to an inductive load with a resistive component of 20 Q and
inductance of 50 mH from a 240 V (rms), 50 Hz supply. The electrical
diagram is as shown in Fig.2.39. Use the current formula obtained in
Problem 2.10,

(a) Calculate the average output current and voltage supplied to the
load, ignore the voltage drops across the diodes.

(b) Calculate the new value of the average output current if the load
resistor is halved while retaining the same circuit parameters as
before. Comment on the results.

LR

. 200
Fig.2.39. A AON

S0Hz 50 mH

[Ans: (a) 10.8A, (b) 5.4A] %S D, %S D,

2.14 An electroplating bath is to be supplied from a single-phase full wave
rectifier. The load requires 10 A at 100 V. The a.c. supply is from the
230 V mains. Produce the design details of using bi-phase and bridge
rectifier circuits and compare the two designs. Assume the load is highly
inductive such that the current is continuous and ripple free, and the
voltage drop across the diode is neglected.

[Ans: Bi-Phase rectifier: PRV = 314V, Transformer kVA = 1570, Ip,,,s =

7.07A, Ipse = SA, Bridge rectifier: PRV = 157V, Ip,,s = 7.07A,
Transformer kVA =1110 ]
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2.15 Develop expressions for average and rms load voltages for a three-phase
half-wave uncontrolled rectifier connected to a resistive load.

2.16 Compare the power factor of the 3-phase bridge rectifier supplied from a
Y-connected supply with that of a single-phase bridge rectifier. Assume
ripple-free load current in each case.

2.17 A three-phase, half-wave uncontrolled rectifier shown in Fig.2.40 contains

three ideal diodes and is fed from an ideal three-phase voltage source of 380V
(rms, line-to-line), 50 Hz. The load is resistive with R =15 Q. Calculate:

(a) The average output voltage and average load current of the

rectifier.

(b) The d.c. and a.c. power dissipations in the load.

(c¢) The diode ratings.

(d) What is the lowest ripple frequency of the output voltage

waveform.

J-phase D2

Fig.2.40. system b o-——Di____‘

[Ans: (a) 256.5V, 17.1A, (b) Py=4388W, P,. = 4525.6W, (c ) I= 10A,
Vp=PRV=13 V,=537.3 (say 600V), (d) Lowest ripple = 3/=150Hz]

2.18 Using notation of Fig.2.30 show that for the case of uncontrolled
rectification (a = 0) the harmonic of the d.c. voltage produced by an a.c.
to d.c. converter with continuous d.c. current flow are contained in the
following expression for d.c. voltage :

n=oo
T 2 cosnm
v(wt) = Vmgsin— [1 — Z 2—/pcos nwt]
T P L nt— 1

where V), is the peak value of the transformer secondary voltage per-
phase.

p 1s the pulse number.

N= cp with c is a positive integer.
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2.19 Power is supplied to a load resistor R from a three-phase, zero-impedance
supply of balanced sinusoidal voltages, using full-wave uncontrolled
bridge circuit of Fig.2.41. The six diodes may be considered as ideal

switches.
gg Z& M ¥ ix
i, D, D, D,
§ R

— * Fee Load

"X, Ao, Ko,

Fig.2.41.

(a) If the supply voltage for phase- a is v,, = V,, sin ot , and the line- to
-line voltage is

T
Vap(0t) = V3V, sin (wt + E) ,

show that the average value of the load current is given by :

_ 3V31,
dc — TL_R

(b) Calculate V., I and Py if V,, =300V, R=50 Q.
[Ans: (b) V. =49643V, [,,=992 A, P,.=4928.8 W]

2.20 A three-phase, full-wave uncontrolled bridge rectifier contains six ideal
diodes and is fed from an ideal three-phase voltage source of 240 V,
50 Hz. The load is resistive with R =10 Q. Calculate the average load
voltage and the power dissipation. Also calculate the required voltage
and current ratings of the diodes.

[Ans: V. =324V, P;. =10.497 kW, Ip.,s=18.7 A, Vp=339.4 V]

Test Questions
Mark the correct answer:

2.21 In asingle phase uncontrolled half-wave rectifier, if the rms value of the

input voltage is V;=220 V, the average d.c. voltage is
(a) 104V (b) 120V (c) 99V (d) 85V
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In a single-phase full-wave uncontrolled bridge rectifier supplying resistive
load, if the input voltage is v,=311sinwt, then the average output voltage is

(a) 209 (b) 106 V (c) 198 V (d) 99V
Each diode of a three-phase half-wave uncontrolled rectifier conducts for:
(a) 60 (b) 120° (c) 180° (d) 90°.

In a Bi-phase full-wave uncontrolled rectifier, if per-phase rms input
voltage is 230 V, then the average output voltage is

(a)2573V (b)) 11695V (c) 207.00 V (d) 10128 V

The supply voltage for a single-phase half-wave uncontrolled rectifier is
v, = 220V2 sin314t. The rectifier is loaded with resistive load R = 10 Q.
The d.c. power absorbed by the load is

(a) 980.1 W (b) 875.9 W (c) 1073.0 W (d) 790.9 W

In a single-phase full-wave uncontrolled rectifier supplying resistive load,
the input voltage has an rms value of 250 V, if the load is resistive with
R =25 Q, then the average current /. is

(a) 4A (b) 9A ) 15A (d) 20A

In a three-phase full-wave uncontrolled bridge rectifier, if per-phase peak
input voltage is V,,, the average output voltage is given by

(@) V,,/2m (b) N3V, /21 (c) 3\3V,, /An (d) 3\3V,, /n
Each diode of a hexa-phase uncontrolled diode rectifier conducts for:
(a) 60° (b) 120° (c) 180° (d) 90°

In a three-phase half-wave uncontrolled rectifier, if per-phase peak input
voltage is V,,, then the average output voltage is given by

(@) V,,/2m (b) N3V, /21 (¢) 3N3V,, /n (d) 3\3V,, 2n

[Ans : 2.21(c), 2.22 (¢) , 2.23 (b), 2.24 (¢) , 2.25 (a) , 2.26(b) , 2.27 (d),
2.28 (a), 2.29 (d)]
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