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Hyperbolic Functions

The hyperbolic functions are formed by taking combinations of the two exponential func-

tions e¢* and e .

The hyperbolic sine and hyperbolic cosine functions are defined by the equations
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Hyperbolic functions satisfy the identities in Table 2 . Except for differences in sign,
these resemble identities we know for the trigonometric functions. The identities are
proved directly from the definitions, as we show here for the second one:

. L _Afet e\ et e
2 sinh x coshx = 2( 5 )( 5 )

= sinh 2x.

TABLE 2 Identities for
hyperbolic functions

cosh?x — sinh®x = 1
sinh 2x = 2 sinh x cosh x
cosh 2x = cosh®x + sinh®x

cosh? x = cosh 2x + 1
2
cinh? x — cosh 2x — 1
) 2
tanh?x = 1 — sech®x
coth®*x = 1 + csch?x

Adding and subtracting,
sinh(z +y) = sinhxcoshy + sinhycoshx
cosh(z +y) = coshxcoshy + sinhxsinhy
Dividing,
_ tanhx tanhy
1 + tanhx tanhy

tanh(zx + y)
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From the definitions of the hyperbolic sine and cosine, we can derive the following
identities:
e” = coshz + sinhx
and

e * = coshx — sinh x.

It can be seen that cosh x and sech x are even functions; the others are odd functions.

sinh(—x) = —sinhx

cosh(—z) = coshz
Hence:

tanh(—x) = — tanhx

coth(—z) = — cothz
sech(—x) = sech z
(=)

csch(—x) = — csch x

Inverse Hyperbolic Functions

The inverses of the six basic hyperbolic functions are very useful in integration

For every value of x in the interval =00 < x < 00, the value of y = sinh™' x is the num-
ber whose hyperbolic sine is x. The graphs of y = sinhx and y = sinh™ x are shown in
Figure 1 a.

The function y = coshx is not one-to-one because its graph in Table 1 does not
pass the horizontal line test. The restricted function v = coshx, x = 0, however, is one-
to-one and therefore has an inverse, denoted by

y = cosh!x.
For every value of x = 1, y = cosh™' x is the number in the interval 0 = y < 00 whose

hyperbolic cosine is x. The graphs of y = coshx, x = 0, and y = cosh™ x are shown in
Figure 1 b.
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F]GURE| 1 The graphs of the inverse hyperbolic sine, cosine, and secant of x. Notice the symmetries about
the line ¥ = x.

Like y = coshx, the function y = sechx = 1/cosh x fails to be one-to-one,

For every value of x in the interval (0, 1], ¥ = sech™ x is the nonnegative number whose
hyperbolic secant is x. The graphs of ¥ = sechx,x = 0, and v = sech™! x are shown in

Figure q c.

The hyperbolic tangent, cotangent, and cosecant are one-to-one on their domains and
therefore have inverses, denoted by

y = tanh™'x, y = coth™' x, y = csch ' x.

These functions are graphed in Figure 2
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FIGURE 2 The graphs of the inverse hyperbolic tangent, cotangent, and cosecant of x.
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Identities for inverse hyperbolic functions

TABLE 3 Identities for inverse
hyperbolic functions

_ 1 1
sech™'x = cosh lf

csch™ x = sinh™ %

_ 11
coth™'x = tanh II

Useful Identities

We use the identities in Table 3 to calculate the values of sech™ x, csch™ x, and coth™ x
on calculators that give only cosh™ x, sinh™ x, and tanh™' x. These identities are direct

consequences of the definitions. For example, if 0 < x = 1, then

RO

X

We also know that sech (sech™' x) = x, so because the hyperbolic secant is one-to-one on
(0, 1], we have

cosh™ (%) = sech™ x.
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Inverses of the hyperbolic functions and their formulae:

y=sinh " x iff sinh y=x

sinh x=]n[:x+ﬂ.'x: +1]

1 .
v=cosh™ x fff coshy=x

cosh™ x=]11[:x+*-.l'x: —1)

x =1

}'=tanh_lx #f tanh v=2x
tanh ~ = ~In [

2 1-=x

|x] <1

1 I
v=coth x if cothy=x

n:t_"rt‘t1'1x=l]nx—-'_:l
2 |x-1
-1 _]_'r-].ﬁ"
Also: coth™ (x)=tanh™| — |
kxj

x| > 1

y=sech™x if sechyv=x

1 3
sech'1x=]n|l+ i,— i
X x )

10
Also: sech™ I:xj —cosh™| = |
kxj

y=cschx i#f cschy=x
1 \

c5ch'1x=]n|l+ i1+1 i
X x- )

(1)

Also: u:5c,h_1|:xj —sinh™ 'Z}

x# 0
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