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A relation is a mathematical tool for
describing associations between elements of
sets. Relations are widely used in computer
science, especially in databases and
scheduling applications. A relation can be
defined across many items in many sets, but
in this text, we will focus on binary
relations, which represent an association
between two items in one or two sets.
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An Entity Relationship (ER) Diagram is a type of flowchart

that illustrates how “entities” such as people, objects or concepts
relate to each other within a system. ER Diagrams are most often
used to design or debug relational databases in the fields of
software engineering, business information systems, education
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3 Types of Relationships:

One-to-one:
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Definition 1:

Let A and B be sets. A binary relation from A to B is a subset of A X B.

When (a, b) belongs to R, a is said to be related to b by R.

aRb (a,b) € R

When a is not related to b:

aRb (a,b) € R

Binary relations represent relationships between the elements of two sets.




EXAMPLE1

Let A be the set of cities in the U.S.A., and let B be the set of the 50 states in the U.S.A.

EXAMPLE

Define the relation R by specifying that (a, b) belongs to R if a city with name a is in the state b.

v" Boulder, Colorado

v’ Bangor, Maine

v" Ann Arbor, Michigan

v" Middletown, New Jersey
v' Cupertino, California

v" Red Bank, New Jersey

are in R.
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A relation can be used to express a one-to-many relationship between the elements of the sets A and B (as in
Example 1), where an element of A may be related to more than one element of B. A function represents a relation

where exactly one element of B is related to each element of A.
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Define the relation R by specifying that (a, b)
belongs to R if a city with name a is in the
region b (Kurdistan).

@  District Center

Anbar

42°00°E 43'00°E 44°00°E 45°00°E 46°00°E
1 1 1 1 1
N
+
£ Syria 2 2 g g z
&5 Kurdistan Region Administration Map| £
Duhok 5
Semel s DUk Chomeke
Drante.
Avosn
£ z
8 i
Crum  Zuan
Sask
Sulaimany Sruchk ‘\
ey SUlaiymaniy S
i Ymm'n
g
5 &
Legend 8
== |nternational Border Salahaddin
D Kurdistan Region Border
|:] Governorate Border
[ ] oistrict Border
Subdistricts Border

)
42°00°E

T
43°00°E

T T
44°00°E 45°00°E 46°00°E



EXAMPLE 2

[EXAMPLE]|

LetA={0, 1, 2}and B={a, b}. Then {(0, a), (O, b), (1, a), (2, b)} is a relation from A to B. —

Owm
\ 2 . 5
e
0 bl ot
1® 1 X
2 >
eh

\

2w

Mapping representation Tabular representation



EXAMPLE 3 [EXAMPLE]

Let A be the set of students in your university, and let B be the set of courses. Let R be the relation
that consists of those pairs (a, b), where a is a student enrolled in course b.

Ahmed and Sara are enrolled in Programming 1 course. Then the pairs (Ahmed, Programming 1)
and (Sara, Programming 1) belong to R.

If Ahmed is also enrolled in Physics 1, then the pair (Ahmed, Physics 1) is also in R. However, if
Sara is not enrolled in Biology, then the pair (Sara, Biology) is not in R.



Relations

(] A relation R on a set X is a subset of X X X.

If (a,b) € R, we write xRy.
) “x 1s related to y”.

=) R(x,y)

m—) Rxy (Predicate Logic)



TRY...

xGy: x is greater than y. (x,y) € Z

a(7,5)
a6, 2)
a(1,9)

Q(4.3,2)



xGy: x is greater than y. (x,y) € Z

Q(7,5) 7G5 or G(7,5) ==
Q(6,2) 6G2 =
J(1,9) 1G9 —
Hd(43,2) ¢ (, 2) Don’t make claim

not an Z



Given the relation:

{(2' —6), (1) 4): (2) 4): (0) O): (11 _6)' (31 0)}

domain

range

:{0,1,2,3)

:{—6,0,4}

K17,

lEXAMPI.EI

Qo

(-4,3) (2,3)
3 e
(-1,-2) ® (3,-3)
°
(0,-4) I

{(_41 3)1 (_11 2)) (01 _4)1 (2) 3)1 (31 _3)}

domain :{—4,—-1,0,2, 3}

range :{—4,-3,-2,3}



In Summary:

» A relationis a set of pairs of input and output values.

» There are four ways to represent relations:

Ordered Pairs  Mapping Diagram Table of Values Graph
(input, output) Input Output " y _‘ l || 4L y | | |
(x, y) 'g3§j; i Input | Output ‘ iﬂ._
A= 3 , . '. |
3, -1) A N (e HE:
(4, -1) s Yy | [ | =4 |3 [0 [l
(4,3) Arrows show how 4 =1 4 | - | z ¢
to pair each input | A 3 ‘

- with an output.



O

Given the relation:

{(21 _3)1 (4) 6)1 (3' _1)1 (6) 6)1 (21 3)}

domain| :{2,3,4, 6}

domain K :{—4,—1,0,2,3}

range :{—3,—1,3,6}

range {1, 2,3}




o0

EXAMPLE 4 EXAMPLE

ago
Let A be the set {1, 2, 3, 4}. Which ordered pairs are in the relation R ={(a, b) | a divides b}?
Solution: Because (a, b) is in R if and only if a and b are positive integers not exceeding 4 such that a divides b,
we see that
R = {(1/ 1)/ (l/ 2)/ (l/ 3)/ (1/ 4)/ (2/ 2)/ (2/ 4)/ (3/ 3)/ (4/ 4)} a diVidESb = alb =a- k = b

le —_ | R 1 2 g 4
\\‘ 1| X X X X
2e ——
2 bt et
3 #
Je -8 J
\\‘\ 4 X

1@ -




EXAMPLE 5 0 D

Consider these relationson the set of integers: l BXAMPlf '

Ri1={(a, b) | a< b}, ao

R2={(a, b) | a> b},

R3={(a, b) | a=bora=-b},
Ra={(a, b) | a=b},

Rs={(a, b) | a=b+ 1},
Re6={(a, b) | a+ b< 3}.

Which of these relations contain each of the pairs (1, 1), (1, 2), (2, 1), (1,-1), and (2, 2)?

Solution: The pair (1, 1) is in R1, R3, R4, and Rs; (1, 2) is in R1and Re; (2, 1) is in R2, R5,
and Re; (1,-1) is in R2, R3, and Re; and finally, (2, 2) is in R1, R3, and R4.



Relations as Functions

(] Relations are a generalization of graphs of functions;

U The function ffrom A to Bis the set of ordered pairs (a, f(a)) fora € A

x|y i
4--*.
-2 1 &34
-2 | 3 * ol 1 g‘?j 5 6
EEEEED
0 |-3 N
1| 4 4
3 1

Relation in table Relation in graph Relation in mapping diagram



Relations

A relation shows a relationship between two values.
A function is a relation where each input hasonly one output.

Mot Functions

Functions

BwWw N

One-to-one One-to-many

1
2 > 4
3 > 5

Many-to-one Many-to-many




Mapping Diagram Function Practice




Define “Function” and “Not Function”:

(4,12) (4,12)
(5,15) (4,15)
(6,18) (5,18)
(7,21) (5,21)
(8,24) (6,24)



Use the vertical line test to
determine whether or not a
graph represents a function. If
a vertical line is moved across
the graph and, at any time,
touches the graph at only one
point, then the graph is a
function. If the wvertical line
touches the graph at more
than one point, then the graph
is not a function.

Vertical Line Test
y-axis
A

y=Ff(x)
Na,f(a)

A

Y

Vertical Line Test-\"
(It is a function)

THE MATH EXPERT

y-axis

y=f(x)
(x,y,)

X-axis

Y

Vertical Line Test- X
(Not a function)




1
2 -
-1 =2
0 *()
1 »2
Function

Function

Mot a Function

Function Function Not a
Function
8. 9 10.

)

L TENY
A

Function

Not a Fun
Function

I Y
= 7

X I\\x

ction Not a
Function

N

Not a
Function



Empty Relation Universal Relation Anti — symmetric Relation

R is called an empty relation on If every element of Aisrelatedto  f (a,b) e Rand (b,a) e RV a,b € A,
A and B, if no element of A is every element of B = a=b
related to any element of B

Types of Relations Transitive Relation

If (@, b) e Rand (b,c) e R
= (a,c) e RVab,ce A

Reflexive Relation

If(a,a)eR,Yae A

Symmetric Relation
If (@a,b) e R= (b,a) e RY a,b €A

v

Equivalence —
Relation All subsets of equivalent relation

Baialot oasses —» All elements of A; are related to each other V i

> No element of A, is related to any element of A; Vi # j

N UA;=AandA;NA; = ¢; i #]j



Properties of Relations

> Reflexive

» Symmetric
» Antisymmetric

> Transitive

| © wekomepage 12 OffcestoreAppFion. s * W (3 BAStucture 8 x

all v [ Orderform A
=5 Relationd
=+ Relationd
> ' =+ Relation$

AccountZoom

!
E
E]

paiad Orderform [ odu:mu v @ Order
0—" = e :
~———— ?\‘ @ [ Fiter (tems ]\i s %

TtemZoom
Properties & x
m Name Value o

since: 2005-02-14

~

Relation entities

name: ‘Ann’
born; 1977

name: ‘Dan’

_ MARRIED
born: 1975 ]

LIVES_AT

tax|D: 'R-48204803’

Residence

address; ‘475 Broad Street’
postalCode: 28394




<~ course_id varchar(30)

2 sec_id varchar(30)
~ semester varchar(30)

~ year integer

> session  varchar(30)

grade float(2)

I

&’ T_ID varchar(30)
j E;;rse_ld varcharr(?ou;g
jsec_ld varchar(30) | J
<~ semester varchar(30) l -

=3

~ year integer

-~ session  varchar(30) ‘

»~ S_ID varchar(30) TR ————

urse_id varchar(30)

<~ prereq_id varchar(30)

course_id varchar(30)

7

/

CrE—

~ sec_id varchar(30)

~ semester varchar(30)

2 year integer

<~ session  varcl har(30)

T —

~ T_ID varchar(30)

name varchar(30)

dept_name varchar(30)

password varchar(30)

Advantages of relational databases:

v' Simple Model

v’ Data Accuracy

v Easyto access Data
v’ Security

v' Collaborate

e

"\x\ // dept_name varchar(30) |
TN course tot_credit  float(2
. / X @) |
—p I / |

/

—_— _—7; ~ S_ID varchar(30)

CGPA float(2)

~ course_id varchar(30)

title varchar(30) password varchar(30)

dept_name varchar(30)
credit float(2)

CIT
»2 S_ID varchar(30) ‘r'
2 T.D

varchar(30)

|2~ dept_name varchar(30)

building varchar(30)

A system used to maintain relational databases is a relational
database management system (RDBMS). Many relational
database systems are equipped with the option of using the
SQL (Structured Query Language) for
maintaining the database.

querying and




Properties of Relations: Reflexive



Properties of Relations

Reflexive
dArelation Ron a set A iIs called reflexive if (a, a) € R for every element a € A.

(d'We see that a relation on A is reflexive if every element of A is related to itself.

Reflexive relation

P
PJ

A\
") -

O——

@——2
@——3



A relation R on a set A is said to be reflexiveif Va € 4,(a,a) € R.

A={a,b,c}
X 3 AXA
0o

J © AXA a b ¢
a aa ab ac

v o {(a,a),(b,b),(c,c)} b ba bb bc

X o {(a, b),(b,a),(a,a), (b, b)} because thereis no (c, ¢) ¢ ca ch cc

v o {(aa),(b,b)(cc) (ab),(bc)}

{(a,b), (b, c), (a,c)}

X
®



EXAMPLE6

Answer:

Consider the following relations on {1, 2, 3, 4}: In reflexive relations there should be all pairs of the form
RI=101, 1) (1,2), (2, 1), (2, 2), (3,4}, (4 1), (4, 4)} (0, 0), namely, (1, 1), 2, 2), 3 3) and (%, )

Ra={(1, 1), (1, 2), (2, 1)} Therefore, only the relations R3 and Rs are reflexive.
Rs={(1, 1), (1,2),(1,4),(2,1), (2,2),(3,3), (4 1), (4, 4)},

Ra={(2,1), (3, 1), (3,2), (4 1), (4, 2), (4 3)},

Rs={(1, 1), (1,2),(1,3), (1, 4), (2,2), (2, 3), (2, 4), (3,3), (3, 4), (4 4)},

Re=1{(3, 4)}.

Which of these relations are reflexive?




Back to EXAMPLES5

Consider these relationson the set of integers: —

Ri1={(a, b) | a< b},

R2={(a, b) | a> b},

R3={(a, b) | a=bora=-b},
Ra={(a, b) | a=b},

Rs={(a, b) | a=b+ 1},
Re6={(a, b) | a+ b< 3}.

Which of the relations are reflexive?

Answer: Ri(because a < a for every integer a), R3, and Ra.



Properties of Relations: Symmetric



«

% % AN N

A relation R on a set A is said to be symmetricif Va,b € 4,(a,b) € R,(b,a) € R.

O

O

O

VYavb((a,b) € R = (b,a) € R)
A=1{1,2,3}

@ It is a possible subset of the cartesian product;
As there is no condition for @, then it is symmetric.

AXA

{(1,1),(2,2),(3,3)}

{2,1D,(1,2),(1,1)}
{B,1,(1,3),(2,3)}

{(1,2),(2,3),(1,3)}

AXA

1 2 3
1 11 12 13
2 21 22 23
3 31 32 33




Properties of Relations: Antisymmetric



w
_t =
=9\

Given a relation R on a set A we say that R is antisymmetricif and only if:
V(a,b) € Rwhere a # b we must have (b,a) &€ R.

3,1) (7.3) (1,7) €Ry
R, ={(1,3),(3,7),(7,1)} v antisymmetric

(7, 1) 3,7 &Ry
RZ — {(11 7); (3; 3)1 (7; 3)}

v antisymmetric

(1,3) (3,1) (7,1)
R; ={(3,1),(1,3),(1,7)} X not antisymmetric



x& N

O

O

O

O

A relation R on a set A is said to be antisymmetric Va,b € A,(a,b) € R,(b,a) ER a = b.

A=1{1,273}

Itis a possible subset of the cartesian product;

As there is no condition for @, then it is both
symmetric and antisymmetric.

In antisymmetric, if you have (1, 3) then
AXA you cannot have (3, 1).

{(1,1),(2,2),(3,3)}

(2,1),(23),1,1))
(2,3),(3,2),(2.2),(3,3))

(1,1),2,2),(23),(1,3)}

If you have (a, b) then you can never have (b,a), but a = b.

1 2 3
1 12 13 A% A
2 21 23
3 31 32

Antisymmetric — means we cannot
accept the values of the one side
symmetric pair but diagonal.



Back to EXAMPLES5

Consider these relations on the set of integers:

Ri={(a, b) | a< b},

R2={(a, b) | a> b},

R3={(a, b) | a=bora=-b},
Ra={(a, b) | a=b},

Rs={(a, b) | a=b+ 1},
Reé={(a, b) | a+ b< 3}.

Which of the relations are symmetric and
which are antisymmetric?

Answer:

The relations R3, R4, and Rs are symmetric.

R31s symmetric, forif a=b or a =-b, thenb=a or b = -a.
Ra41s symmetric because a = b implies that b = a.
Res1s symmetric because a + b < 3 implies that b+ a < 3.

The relations R1, R2, R4, and Rsare antisymmetric.

R11s antisymmetric because the mnequalities a < band b <a
imply that a = b.

R21s antisymmetric because it is impossible
thata >b and b > a.

Ra1s antisymmetric, because two elements are related with
respect to R41f and only if they are equal.

Rs1s antisymmetric because it is impossible thata=b + 1
andb=a+1.



Back to EXAMPLE 6

Answer:
Consider the following relations on {1, 2, 3, 4}:
Ri={(1,1),(1,2),(2 1) (2 2) (3, 4) (4 1) (4 4)}, The relations R2and R3 are symmetric.
R2={(1, 1), (1, 2), (2, 1)}, R4, Rs, and Re are all antisymmetric.

Rs={(1,1),(1,2),(1,4),(2,1),(2,2), (3,3), (4 1), (4 4)},

Ri={(2,1), (3, 1), (3,2), (4 1), (4 2), (4 3)},
Rs={(1,1),(1,2),(1,3),(1,4),(2,2), (2, 3), (2, 4), (3,3), (3, 4), (4, 4)},
Re=1{(3, 4)}.

Which of the relations are symmetric and which are antisymmetric?




Properties of Relations: Transitive



A relation R on a set A is said to be transitiveif Va,b € 4,(a,b) € R,(b,c) € R then (a,c) € R.

A=1{1,23)}

v It is a possible subset of the cartesian product;
O Q) As there is no condition for @, then it is
symmetric, antisymmetric, and transitive.

v o AXA B

1 2 3
v oo {(1,1),(22),(3,3)} L 1 1 13
v o {(2,3),(1,2),(1,3)) 2 21 22 23

v o {(1,2),(1,3)} 3 31 32 33

there is no requirement to check transitivity,
so, the set automatically considered transitive.

v o {(2,3)}

X o {(1,2),2 1D}

(1,1 and (2,2) also should belong to R.

-~




Detailed information about TRANSITIVE RELATION, when there are more than 3 pairs:

[ R ={(1,1), (1, 2), (2,1), (2, 2), 3, 4), (4, 1), (4, 4)} ]

Start with the first pair , (1,1). Here a=1, b=1.

Are their pairs that have their1 s elementsas b? Yes
Only one pair, ( 1, 2). Here b=1, c=2

Is (a2, c) amemberof R ?Yes. ..R, can be transitive.

Now move to the next pair , (1, 2). Here a=1, b=2.
Are their pairs that have their1  * elementsas b? Yes
Two pairs, ( 2,1), (2, 2). Here b=2, c=1and c=2
Is (a2, c) amemberof R,? Yes for both c=1and c=2. .. R, may be transitive.

Now move to the next pair , (2,1). Here a=2, b=1.
Are their pairs that have their1  * elementsas b? Yes
Two pairs, ( 1,1), (1, 2). Here b=1, c=1and c=2
Is (a, ¢) amemberof R,? Yes for both c=1and c=2. ..R, may be transitive.

Now move to the next pair , (2, 2). Here a=2, b=2.
Are their pairs that have their1 5 elementsas b? Yes
Two pairs, ( 2,1), (2, 2). Here b=2, c=1and c=2
Is (2, c) amemberof R,? Yesforboth c=1and c=2. ..R, may be transitive.

Now move to the next pair , (3, 4). Here a=3, b=4.
Are their pairs that have their1  ** elementsas b? Yes

Two pairs, ( 4,1), (4, 4). Here b=4, c=1and c=4
Is (2, c) amemberof R ? No for c=1. .. R, is not transitive.

Finished! No need to do any further checking.



R=121), G, G2), (41, @ 2), 43)]

(3. b) Pairs with bas
: their 1 5t element

c (a, c)eR?

(2, 1) - - =
(3’ 1) = = =
Another Method to 3. 2) (2, 1) : Yes
check for Transitivity (4, 1) = - _
(4, 2) (2,1) 1 Yes
(4,3) (3.1) 1 Yes
(3,2) 2 Yes

There are no “No” answers in the last column.
Therefore, the relation R, is transitive.



Conclusion

o @ =not reflexive, but symmetric, antisymmetric, transitive

J ArelationRon a set A s called reflexive if (a, a) € Rfor every elementa € A. | _.. qoive (2=2)

U That is, a relation is symmetric if and only if a is related to b implies that b is related to a.

= 1s symmetric (x=2 implies 2=Xx)

U A relation is antisymmetric if and only if there are no pairs of distinct elements a and b with a
related to b and b related to a.

< is antisymmetric (x<y and y<x implies x=y)

O Arelation R ona set A is said to be transitive if V a,b € A,(a,b) € R,(b,c) € R then (a,c) € R.

< is transitive (2<3 and 3<5 implies 2<5)




v X={a, b,c,d}and R = {(a, a),(a, b),(a, ¢),(d, b),(b, b),(c,d)} —~

Only antisymmetric

v Let A={0, 1, 2, 3} and R a relation over A: >~ List Properties.
R ={(0, 0),(0, 1),(0, 3),(1, 1),(1, 0),(2, 3),(3, 3)} _

Only transitive

v IfR and S are reflexive, then R N S is so. Explain why.
Prove

v If R and S are symmetric, then R N S is so. Explain why.

R = {(1,1),(1,2),(2,1),(2,2), 3,4),(4,1),(4,4)} ) X
>_ Transitive?

R ={(2,1),(3,1),(3,2),(41),(4,2),(43)} )




ﬂ For each of these relations on the set {1, 2, 3, 4}, decide whether 1t 1s

reflexive, whether 1t 1s symmetric, whether 1t 1s antisymmetric, and
whether 1t 1s transitive.

a){(2,2),(2,3) (2,4),(3,2),(3,3), (3, 4);
b) (1, 1), (1,2),(2,1), 2, 2),(3,3), (4 4)}
¢) (2, 4), (4, 2)}

d) {(1,2), (2, 3), (3, 4);

e) (1, 1), (2,2), (3,3), (4 4)}

)L 3)(1,4) (2 3) (2,4), (3, 1), (3,4)} @



e

Directed Graphs or Digraphs




Reflexive

Vx xRx

Symmetric

VxVy XRy — yRx

Transitive

VxVyvz

xRy ANyRz — xRz

For any given item in the relation is going to be related to itself

X

- = 5eX

R (5,5) ER=5=5
R

Y + 10# 11 - 11 # 10
'\R ______ xRy — yRx

xmmz 3<5,5<7 =23<7



Equivalence Relation

» A Dbinary relation R on a set A is an equivalence relation if and only if

(1) Ris reflexive -  a, aRa
(2) R is symmetric, and—a,b  aRb — bRa > ‘ 5
(3) Ris transitive. — aRb AbRc — aRc
)
0 6 1 2

Answer the Question: Which of these relations on {0,1,2,3} are equivalence rela-
tions? Determine the properties of an equivalence relation that the others lack.

(a) {(0,0),(1,1),(2,2),(3,3),(0,1),(1,0) }

(b) {(0,0),(1,1),(0,2),(2,0),(2,2),(2,3),(3,2),(3,3) }

(¢) {(0,0),(0,1),(1,0),(1,1),(1,2),(2,1),(2,2),(3,3) }

(d) {(0,0),(0,1),(1,0),(1,1),(1,3),(2,2),(2,3),(3,1),(3,2), (3,3) }



The directed graph with vertices a, b, ¢, and d,
and edges:

R = {(a, b), (a, d), (b, b), (b, d), (¢, a), (c, b), (d, b)}



The directed graph of the relation on the set {1, 2, 3, 4}:

R=1{1,1), (1,3), (2, 1), (2,3), (2,4),(3, 1), (3, 2), (4, 1)}




What are the ordered pairs in the relation R represented by the directed graph below?

R=1(1,3) (1,4),(2,1),(2,2),(2,3),(3,1),(3,3), (4 1), (4, 3)}.



Determine whether the relations for the directed graphs shown below
are reflexive, symmetric, antisymmetric, and/or transitive.

time to
prac&ice

b
a
b c C d
(@) Directed graph of R (b) Directed graph of S
R 1s reflexive, neither symmetric nor antisymmetric S 1s not reflexive, symmetric and not antisymmetric,

and not transitive. not transitive.




el

» Draw the directed graph that represents the relation
{(a, a), (a, b), (b, c), (c, b), (c, d), (d, a), (d, b)}.

» List the ordered pairs in the relations represented by the directed graphs.

= [ l SN S
A
¢ d O - Q?

Determine their types.




Combining Relations

Because relations from A to B are subsets of A X B, two relations from A to B can be
combined in any way two sets can be combined.

EXAMPLE 17

LetA={1,2 3}and B={1, 2, 3, 4}. The relations R1={(1, 1), (2, 2), (3, 3)}and R2={(1, 1), (1, 2), (1, 3), (1, 4)}
can be combined to obtain:

R1U R2 = {(1,1),(1,2),(1,3),(1,4),(2,2),(3,3)},
Rin Rz = {(1,D},

R1 — R2 = {(2,2),(3,3)},

R2 — R1 = {(1,2),(1,3),(1,4)}



Let R={(1,2) (2, 3),(3,4)and R.={(1, 1), (1, 2), (2, 1), (2, 2), (2, 3),
(3, 1), (3, 2), (3, 3), (3, 4)} be relations from {1, 2, 3}to {1, 2, 3, 4}.
Find:

a) R.U R.. b) R.N R..
¢) R.- R.. d) R.- R..



Databases

and n-ary
Relations




n-ary Relationship in DBMS

Let A,,A,, ..., A, besets. An n-ary relation on these sets is
asubset of A; x A, x---xA_ Thesets 4, 4,,...,A, are
called the domains of the relation, and n is called its degree. .

Diagnostic

O Let R bethe relationon N x N x N (set of natural numbers)
consisting of triples (a, b, ¢), where a, b, and ¢ are integers with Patient
a<b<c.Then(1,2,3),(0,2,3),(3,4,5),... R, but (2,4, 3) ¢ R. ety [ retationship < >

The relation has degree 3 The domains of the relation are the set of natural numbers

-

AIRPORT NEWORK FLIGHT SCHEDULER

-

[ Let R be the relation consisting of 5-tuples (A, N, S, D, T)
representingairplane flights, where A is the airline, N is the
flight number, S is the starting point, D is the destination,
and T is the departure time.




TABLE 1 Students.

Student_name ID number Major GPA
Ackermann 231455 Computer Science 3.88
Adams 888323 Physics 3.45
Chou 102147 Computer Science 3.49
Goodfriend 453876 Mathematics 3.45
Rao 678543 Mathematics 3.90
Stevens 786576 Psychology 2.99

Student records are represented as 4-tuples of the form (Student name, ID number, Major, GPA).
A sample database of six such records is:

(Ackermann, 231455, Computer Science, 3.88)

(Adams, 888323, Physics, 3.45)

(Chou, 102147, Computer Science, 3.49)

(Goodfriend, 453876, Mathematics, 3.45)

(Rao, 678543, Mathematics, 3.90)

(Stevens, 786576, Psychology, 2.99)



» A database consists of records, which are n-tuples, made up of fields.

» Relations used to represent databases are also called tables, because
these relations are often displayed as tables.

» Each column of the table corresponds to an attribute of the database.
In Table 1, the attributes of this database are Student Name, ID
Number, Major, and GPA.

» A domain of an n-ary relation is called a primary key.

» In Table 1, there is only one 4-tuple in this table for each student name, the
domain of student names is a primary key. Similarly, the ID numbers in this
table are unique, so the domain of ID numbers is also a primary key.
However, the domain of major fields of study is not a primary key, because
more than one 4-tuple contains the same major field of study. The domain of
grade point averages is also not a primary key, because there are two 4-
tuples containing the same GPA.

» The Cartesian product of these domains is called a composite key.

Relational Database - Database Keys

Multi Attribute / Composite Key (A + B+ C)

A

r Composite Key ( A + B)
A

(

\

Single Attribute Key ( A)

"

A

Attribute 1

B C

Attribute 2 Attribute 3

\

D

Attribute 4

Tuple 1

Tuple 2

Tuple 3

Field

Tuple 4

Tuple §

\W_I

Column

Attribute = Column AND Row = Tuple

www_learncomputerscienceonline.com

o

} Row

Primary
Key

101

Steve

23

102

John

24

103

Robert

28

104

Steve

29

105

Carl

29

Unique values




A composite key in SQL can be defined as a a4 Authorld FirstName LastName Gender

combination of multiple columns, and these 1 |Mark Dunn Male
columns are used to identify all the rows that 2 |Sara Longhorn |Female
are involved uniquely. 3 |Jessica  |Dale Female
4 Steve Wicht Male
Composite Key
Composite Primary Key
Composite Key 1
l \
) Authorld Booklid
Roll_No Name Age Phone
> - - & | 1 3
1 Arya 21 7491901521 junCtion Table -— 1 2
2 Bran 19 8491901000 3 4
|- <> 4> 5
3 John 24 9291018403
4 Max 24 7903084562 l
L A Bookld BookTitle Price Published

1 |LearnSQL 10 Yes
2 |Learn C# 20 Yes
Note: Any key such as super key, primary key, candidate 3 |Learn CSS 15 Yes
key, etc. can be called composite key if it has more than 4 |Learn HTML! 20 No
one attributes.




The 3-tuples 1n a 3-ary relation represent the following
attributes of a student database: student ID number, name,
phone number.

a) Is student ID number likely to be a primary key?
b) Is name likely to be a primary key?
¢) Is phone number likely to be a primary key?




[

Let R be an n-ary relation and C a condition that elements in R may satisfy. Then the Selection

operator (S.) maps the n-ary relation R to the n-ary relation of all n-tuples from R that satisfy | |
the condition C.

To find the records of computer science majors in the n-ary relation R shown in Ll d o ek

Table 1, we use the operator S¢, , where Ciis the condition Major = “Computer Student_name | ID_number Major GPA
Ackermann 231455 Computer Science 3.88
Science.” p
The result is the two 4-tuples (Ackermann, 231455, Computer Science, 3.88) and Adams 888323 Physics 345
. Chou 102147 Computer Science 3.49
(Chou, 102147, Computer Science, 3.49). , .
Goodfriend 453876 Mathematics 3.45
Rao 678543 Mathematics 3.90
Similarly, to find the records of students who have a grade point average above 3.5 Stevens 786576 Psychology 2.99
in this database, we use the operator S, where (2 1s the condition GPA >3.5.
The result is the two 4-tuples (Ackermann, 231455, Computer Science, 3.88) and
(Rao, 678543’ Mathematlcs’ 390) We can use Relational Algebra to 1 Akon 17
fetch data from this Table(relation}
Finally, to find the records of computer scienc.e.maj ors Who have a GPA al:?ove 3.5, Select Name students with age g 2"0” 1
we use the operator S¢,, where Cs is the condition (Major= “Computer Science” A less than 17 ° xon 1
GP A S 3 5) 4 Dkon 13

The result consists of the single 4-tuple (Ackermann, 231455, Computer Science, 3.88).
The output for gquery is also in form of
a table{relation}, with results in
different columns




Projections are used to form new n-ary relations by deleting the same fields in every record of
the relation.

The projection P; ;, ; where iy < i < - <, mapsthe n-tuple

(a1, az, ..., ay) to the m-tuple (a; , a;,, ..., a; ), wherem < n.

Field 1| Field 2 [Field 4] Field &

In other words, the projection Pi,p,...imdeletes n - m of the components of an n- T e E—
tuple, leaving the iith, izth, . .., and imth components. 1| Text1| B | Texts
2 Text2 | A Text &
2 Text2 | B Text b
. Projection
For Instance: Select the relevant fields
> What results when the projection P13 is applied to the 4-tuples (2, 3, 0, 4), PR | P e
(Jane Doe, 234111001, Geography, 3.14), and (a1, a2, a3, 04)? o el

1
2 Text 2| Texts
2 Text 2| Texts

The projection Pi,3 sends these 4-tuples to (2, 0), (Jane Doe, Geography),

and (a1, a3), respectively.




What relation results when the projection Pi,41s applied to the relation in Table 17

TABLE 1 Students.
Student_name ID number Major GPA
Ackermann 231455 Computer Science 3.88
Adams 888323 Physics 3.45
Chou 102147 Computer Science 3.49
Goodfriend 453876 Mathematics 3.45
Rao 678543 Mathematics 3.90
Stevens 786576 Psychology 2.99
TABLE 2 GPAs.
Student name GPA
When the projection Pi,41s used, the second and third columns Ackermann 3.88
of the table are deleted. Adams 345
Chou 3.49
Goodfriend 3.45
Rao 3.90

Stevens 2.99




What is the table obtained when the projection P12 is applied to the relation in Table 3?

TABLE 3 Enrollments.

Student | Major Course
Glauser | Biology BI 290
Glauser | Biology MS 475
Glauser | Biology PY 410
Marcus | Mathematics MS 511
Marcus | Mathematics MS 603
Marcus | Mathematics CS 322
Miller Computer Science | MS 575
Miller Computer Science | C5 455

!

TABLE 4 Majors.

Student | Major

Glauser Biology
Marcus Mathematics

Miller Computer Science




The jOiIl operation is used to combine two tables into one when these tables share some 1dentical fields.

N

PN

TABLE 5 Tmy{gkmignmmts. \ /(ABLE 6 Clam_schedule.\
Course_ Course_
Professor Department number Department number Room Time
Cruz Zoology 335 Computer Science 518 N521 2:00 p.m.
Cruz Zoology 412 Mathematics 575 N502 3:00 p.n.
Farber Psychology 501 Mathematics 611 N521 4:00 p.m.
Farber Psychology 617 Physics 544 B505 4:00 p.m.
Grammer Physics 544 Psychology 501 Al00 3:00 p.m.
Grammer Physics 551 Psychology 617 Al110 11:00 A m.
Rosen Computer Science 518 Zoology 335 Al00 9:00 A M.
Rosen athematics 575 / \Zuulugy 41/ Al00 8:00 A m.

N7

What relation results when the join operator

J21s used to combine the relation displayed TABLE 7 Teachipg-Schedule. \

i nT abl es 5 an d 69 Professor /ﬁp&rﬁnant Cnu.rxe_ﬂnmh& Room Time
Cruz / Zoology 335 \ A100 9:00 A m.
Cruz Zoology 412 A100 8:00 A m.
Farber Psychology 501 A100 3:00 P M.
Farber Psychology 617 Al110 11:00 a M.
Grammer Physics 544 B505 4:00 p M.
Rosen omputer Science 518 N521 2:00 p M.
Rosen Mathematics 573 N502 3:00 P M.




SQL

SELECT Departure time
FROM Flights
WHERE Destination=’Detroit’

Output: 08:10, 08:47, 09:44

SELECT Professor, Time
FROM Teaching assignments, Class schedule
WHERE Department=’"Mathematics’

Output: Rosen, 3:00 p.m.

TABLE 8 Flights.

Airline Flight number Gate Destination Departure_time

Nadir 122 34 Detroit 08:10

Acme 221 22 Denver 08:17

Acme 122 33 Anchorage 08:22

Acme 323 34 Honolulu 08:30

Nadir 199 13 Detroit 08:47

Acme 222 22 Denver 09:10

Nadir 322 34 Detroit 09:44
TABLE 7 Teaching schedule.
Professor Department Course_number Room Time
Cruz Zoology 335 A100 9:00 A m.
Cruz Zoology 412 A100 8:00 A m.
Farber Psychology 501 A100 3:00 p M.
Farber Psychology 617 Al10 11:00 A m.
Grammer Physics 544 B505 4:00 p M.
Rosen Computer Science 518 N521 2:00 p M.
Rosen Mathematics 575 N502 3:00 p M.




TABLE 9 Part_needs. TABLE 10 Parts_inventory.
Supplier Part_number Project Part_number Project Quantity Color_code
23 1092 1 1001 1 14 8
23 1101 3 1092 1 2 2
23 9048 4 1101 3 1 1
31 4975 3 3477 2 25 2
31 3477 2 4975 3 6 2
32 6984 4 6984 4 10 1
32 9191 2 9048 4 12 2
33 1001 1 9191 2 80 4

» What do you obtain when you apply the selection operator s, » What are the operations that correspond to the query
where C is the condition (Project=2) A expressed using this SQL statement?
(Quantity > 50), to the database in Table 10? a)
SELECT Supplier
FROM Part needs
WHERE 1000 <£Part number <5000

» Construct the table obtained by applying the join

operator J.to the relations in Tables 9 and 10. b)
SELECT Supplier, Project

FROM Part needs, Parts inventory
WHERE Quantity <10
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1 lf (ai,bj) € R,
mij =
0if (a; b;) &R.

moo

Bno
Suppose that A = {1, 2, 3} and B = {1, 2}. Let R be the relation from A -
to B containing (a, b) if a € A, b € B, and a > b. What is the matrix ===
representing Rif a1=1, a2=2, and a3= 3, and b1 =1 and b2= 2? s I

Jaos
-
%

Because R={(2, 1), (3, 1), (3, 2J}, the matrix for R i =L

¥ F 2 § %

Muttiply with matrix Lot

0 O “Matrix - Computer Graphics” example
MR = |1 0

1 1




Let A= {ai, a2, a3} and B = {b1, b2, b3, bs, bs}. Which ordered pairs are in the relation R represented by the matrix

== O
© O R
_ O
O RO
_ o O
-

R={(ai, b2), (a2, bi), (a2, b3), (a2, bs), (a3, bi1), (a3, b3), (a3, bs)}.



List the ordered pairs 1n the relations on {1, 2, 3} corresponding to these
matrices (where the rows and columns correspond to the integers listed in
increasing order).

1 0 1 0 1 0
a) [0 1 0 b) [0 1 0
1 0 1 0 1 0
1 1 1
¢) |1 0 1
1 1 1

Determine their types.



Examples for
matrices:

In true matrix style, we call the existence of a
road link 1 and lack of a road link, a O: Is there
a link from Pink city to Blue city? yes. Pink to
Pink? nonsensical, so 0. Pink to Green? 0.
Green to Blue? 1. Giving us a matrix:




We could also imagine that there are more than one The arrow from P to B means you can go to from
roads going from one town to the other. For instance, P to B, but not from B to P. Two arrows on the
see if you can write a matrix for this network: same line mean the road is two-way:

R

(O W T
O r|k o
R ook
==l
=ll=1Ilail=




trein = [811@ ;1811;110a;a816@
train
»d=4 Array{Inted,2}:

%] 1
1

The next important use is that
combining matrices can provide more
information about the problem, than
using each matrix alone. For instance,
if we consider our first town routes
representing train lines, (the golden-
yellow matrix), and the city decided
to add new bus lines (the sky-blue
matrix) then combining these two we
will have more information about
how to move around these towns.
Representing this new, more complex
network as a matrix is as simple as
multiplying the orange matrix to the
blue one.

=@
[ e R R

1
a
a

L= T

[ BN s T o I I TR W RS - R W U ]

bus =[@118;1001;1@08;@11lae]

bus

»A=d Array{Inted,2}:
1

W =] o A Ps L P
R R T
[ I
[T e R R

a
a
1

2
= 0

together = train # bus

fad 2
[ L%

together

fad
LA b

»axd Array{Inted, 2}

o

il

r~a
-l
= S pa
@ RS
[ SR
-

L [

=]
o




Another example
of matrices for
calculating scores
of millions of
students at once.

Matrix
management
structures In
organizations

Question 1

Question 2

Question 3

Question 4

Columns

Answer option1  Answer option2 Answeroption3 Answer option 4

Project A

Project B

Project C

Marketing Operations




1000px

00FAFC QO7AFC ==
1000 :

)

1000

\_




Add and subtract matrices

N

2
Activating Prior Knowledge

Matrix ] Mt et

)

1

1

b
d

1 « a, b, B
1 c, d, L‘cla}_’_'_dlcz Clb2+d1d2J ‘

ir multiplication
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Kenneth H. Rosen

Discrete Mathematics and Its Applications, 7™ edition by Kenneth H. Rosen

Chapter 9: Relations, pages 573-597
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» What is the binary relation type of a set: {(1,1), (2,1), (2,2),
(2,3),(2,4), (3,1),(3,2)5?

» Let R1 be arelationfrom A =41,3,5,7}toB =42, 4, 6,8} and R2
be another relation from B to C = {1, 2, 3, 4} as defined below:
a) An element x in A is related to an element y in B (under R1)
if x + yis divisible by 3.
b) An element x in B is related to an element y in C (under R2)
if x + yis even but not divisible by 3.
List ordered pairs of R1 and R2, find their types of relations.

» Let Ry, R, are relation defined on Z such that aR{b < (a — b)
is divisible by 3 and aR,b < (a — b) is divisible by 4. Then
what are: (R UR,), (R; NR,) and (R, — R;)?

» What is the Cartesian product of A = {1, 2} and B = {a, b}?




What is the Cardinality of the set {0, 1, 2}?

The Cartesian Product B x A is equal to the Cartesian
product A x B.

a) True

b) False

Which of the following two sets are equal?
a)A=4{1,2tand B ={1}

b)A=4{1,2}and B=41, 2, 3}
c)A={1,2,3tand B=4{2,1, 3}
d)A=41,2,4tand B=41, 2,3}

The members of the set S = {x | x is the square of an integer and x < 100} is
a){0,2,4,5,9,658,49,56,99,12}

b){0, 1, 4,9, 16, 25, 36, 49, 64, 81}

c){1,4,9,16, 25,36,64, 81, 85,99}

d){0,1, 4,9, 16, 25, 36,49, 64,121}




N={0,123, ..}Yand Z ={...,—2,-1,0,1,2, ...}

» Let R be the relationon N X Z X N X Z consisting of 4-tuples
(a,b,c,d) suchthat (a+b #c+d)A(a+b+c+d=0).
Give examples for this relation and find its degree.

The relation has degree 4 (5 —11,3,3) € R

(0,—1,1,0) ER
(6,6,3,9 ¢ R

7~ » Let A={1,4,5} and R be given by the digraph shown below. Find
the relation determined by the following digraph:

> Mp =

» Let A={1,2,3,4} and R={(1,1), (1,2),(2,1),(2,2),(2,3), (2,4),(3,4),(4,1)}
\_ is arelation on A. Draw the digraph of R. m

Practice Progress

Determine types of all these relations. w




Determine their types.




> State whether each set of ordered
pairs represents a function.

1) {(10,9),(-2,-16), (-6, 7), (5, 8), (8,-16), (-11, 9)}

2) {(-7,4),(-8,3),(-7,7),(-20,8),(5,9), (3, 1), (2, 6)}
3) {(-13,4),(7,-15),(-13,9), (6,-12), (-18, O)}

4) {(15,-3),(-6,9), (-3, 0), (-1, 16)}

) {(-4,3),(5,-9),(11,4), (9, 6), (5,-3), (8,-9), (1, 4}

6) {(12,-18),(15,1),(12,5),(0,9), (-5,-17)}

7) {(6,0), (-12,-16), (-6, 10), (20, -7}}

8) {-2,-4), (-8 3), 7,4, (2 -8),01,8), (9 -4}

» State whether each set of ordered pairs on the

graph represents a function.
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6. Input Output
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