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Matrices
A Matrix is an array of numbers:

6 4 24
1 -9 8

A Matrix
(This one has 2 Rows and 3 Columns)

w We talk about one matrix, or several matrices.

There are many things we can do with them ...



Adding

To add two matrices: add the numbers in the matching positions:

2]+ [05)=[55]

These are the calculations:
3+4=7 8+0=8

4+1=5 6-9=-3

The two matrices must be the same size, i.e. the rows must match in size, and the columns must
match in size.

Example: a matrix with 3 rows and 5 columns can be added to another matrix of 3
rows and 5 columns.

But it could not be added to a matrix with 3 rows and 4 columns (the columns don't
match in size)



Negative

The negative of a matrix is also simple:

"2 -4l _[-2 4
7 10| |-7-10
These are the calculations:

—(2)=-2 —(-4)=+4
-(7)=-7 —-(10)=-10



Subtracting

To subtract two matrices: subtract the numbers in the matching positions:

Ge)-[1s)=05 ]

These are the calculations:
3-4=-1 8-0=8

4-1=3 6-(-9)=15

Note: subtracting is actually defined as the addition of a negative matrix: A + (—B)



Multiply by a Constant

We can multiply a matrix by a constant (the value 2 in this case):

= (15) =[]

These are the calculations:
2x4=8 2x0=0
2x1=2 2x-9=-18

We call the constant a scalar, so officially this is called "scalar multiplication".



Multiplying by Another Matrix

To multiply two matrices together is a bit more difficult ... read Multiplying Matrices to learn
how.

Dividing

And what about division? Well we don't actually divide matrices, we do it this way:

A/B=Ax (1/B) = A x Bl

where B"1 means the "inverse" of B.

So we don't divide, instead we multiply by an inverse.

And there are special ways to find the Inverse, learn more at Inverse of a Matrix .



Transposing
To "transpose” a matrix, swap the rows and columns.

We put a "T" in the top right-hand corner to mean transpose:

[6 4 24]T_ 2_19
1 -9 8 .
24 8

Notation

A matrix is usually shown by a capital letter (such as A, or B)

Each entry (or "element") is shown by a lower case letter with a "subscript" of row,column:

A = a,, 9,, @,;
a;, 4G, Q,,



6 a Rows and Columns

So which is the row and which is the column?

e Rows go left-right

e Columns go up-down

To remember that rows come before columns use the word "arc":
Columns go

up and down arc



Example:

6 4 24
1 -9 8

Here are some sample entries:
b1,1 = 6 (the entry at row 1, column 1 is 6)
b1,3 = 24 (the entry at row 1, column 3 is 24)

b2,3 = 8 (the entry at row 2, column 3 is 8)
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i -1 0 | ] -1 0
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31 4
What is the transpose of the matrix [ 53 5 1]?
A3 -1 B [52-1
-5 -2 1 -3 1 4
C[-35 D [5 -3
1 2 2 1
4 -1 -1 4




2 -5 6
What is the transpose of the matrix | —1 2 —4 [ ?

-3 -1 0
A [-5 2 -1] B [6 -4 0
6 —4 0 g 1 =3
| 2 -1 -3 | -5 2 -1
C 2 —1 3] D [-2 5 -6
-5 2 -1 1 -2 4
| 6 -4 0 | [ 3 1 0
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3 1 4 -3
fA=] -2 4 and B=1| 0 -2 | then whatis34—-2B7?
5 -1 -2 4
- ) =
-1 -3 B [-1 9
-6 8 -6 8
11 5 | 11 -11
- b : -
=17 @ D [-17 -3
-6 16 6 16
19 —11 |11 -1l
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If A= 2 A and B = =2 4 then what is 24 + BT ?
5 =3 3 -2

A [0 16 B [2 13
| 10 —10 6 —8

C [2 6 D [2 5
|13 -8 14 -8
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If A= L & = and B = Nl then what is 24 + 5B ?
-5 4 2 ~] =9 B
a8 ) NI i}
A -8 31 14 B [ -8 34 14
-5 -2 19 -15 =2 19
- E J =
s Xy ~

Cli1 3 u D [12 -2 -2
~15 =2 19 5 18 -11







-1 4
[ ¢ " ] then what is 347 — 2BT ?

~\

A [1 2 5 24
2 -13 ~14 -5
® 5 0 5 0 |
14, =13 | -14 -5 |




How to Multiply Matrices

A Matrix is an array of numbers:

6 4 24
1 -9 8
A Matrix

(This one has 2 Rows and 3 Columns)

To multiply a matrix by a single number is easy:

<[15] = [2a]

These are the calculations:
2x4=8 2x0=0

2x1=2 2x-9=-18

We call the number ("2" in this case) a scalar, so this is called "scalar multiplication”.



Multiplying a Matrix by Another Matrix

But to multiply a matrix by another matrix we need to do the " dot product " of rows and columns
... what does that mean? Let us see with an example:

To work out the answer for the 1st row and 1st column:

1237 |7°]_ [58

11 12

The "Dot Product” is where we multiply matching members, then sum up:

(1.2, 3)s {7, 911 )= 1x]4 2x9 £ 3%xl]
= 58

We match the 1st members (1 and 7), multiply them, likewise for the 2nd members (2 and
9) and the 3rd members (3 and 11), and finally sum them up.



Want to see another example? Here it is for the 1st row and 2nd column:

1 23], |7 8f_[58 64
T 9 10| =

11 @&

(1,2, 3) (8, 10, 12) = 1x8 + 2x10 + 3x12
= 64

We can do the same thing for the 2nd row and 1st column:

(4,5,6) (7,9, 11) = 4x7 + 5x9 + 6x11
=139

And for the 2nd row and 2nd column:

(4,5, 6) ¢ (8, 10, 12) = 4x8 + 5x10 + 6x12
= 154

1230, (78] _[58 64
45 6 2 10| = 139 154

11 12

And we get:

DONE!



Example: The local shop sells 3 types of pies.

¢ Apple pies cost $3 each
* Cherry pies cost $4 each

* Blueberry pies cost $2 each

And this is how many they sold in 4 days:

Mon| Tue [Wed [ Thu
Apple 113 | 9 7 |15

Cherry | 8 | 7 | 4 6
Blueberry | 6 | 4 | 0 3

Now think about this ... the value of sales for Monday is calculated this way:
Apple pie value + Cherry pie value + Blueberry pie value
$3x13 + $4x8 + $2x6 = $83

So it is, in fact, the "dot product” of prices and how many were sold:

($3, $4, $2) » (13,8, 6) = $3x13 + $4x8 + $2x6
= $83

We match the price to how many sold, multiply each, then sum the result.



In other words:

* The sales for Monday were: Apple pies: $3x13=%$39, Cherry pies: $4x8=%$32, and
Blueberry pies: $2x6=%$12. Together that is $39 + $32 + $12 = $83

e And for Tueday: $3X9 + $4X7 + $2%x4 = $63
e And for Wednesday: $3x7 + $4x4 + $2x0 = $37

¢ And for Thursday: $3x15 + $4x6 + $2x3 = $75

So it is important to match each price to each quantity.

Now you know why we use the "dot product”.

And here is the full result in Matrix form:

13 15

[$3 $4 $2]x 6 | = [$83 $63 $37 $75]
3

H N O
O & N

8
6
$3x13 + $4x8 + $2x6

They sold $83 worth of pies on Monday, $63 on Tuesday, etc.

(You can put those values into the Matrix Calculator to see if they work.)



Rows and Columns

To show how many rows and columns a matrix has we often write rowsxcolumns.

Example: This matrix is 2X3 (2 rows by 3 columns):

6 4 24
1-9 8

When we do multiplication:

¢ The number of columns of the 1st matrix must equal the number of rows of the 2nd

matrix.

* And the result will have the same number of rows as the 1st matrix, and the same number
of columns as the 2nd matrix.



Example:

13 15

[$3 $4 $2] x 6 | = [$83 $63 $37 $75]
3

S N O
o & N

8
6
$3x13 + $4x8 + $2x6

In that example we multiplied a 1x3 matrix by a 3x4 matrix (note the 3s are the same),
and the result was a 1x4 matrix.

In General:

To multiply an mXxn matrix by an nXp matrix, the ns must be the same,
and the result is an mXp matrix.

mxn X nxp =» mxp



|dentity Matrix

The "Identity Matrix" is the matrix equivalent of the number "1":

1 00
I=|010
0 01

A 3x3 Identity Matrix

e It is "square" (has same number of rows as columns)
e It can be large or small (2x2, 100x100, ... whatever)
e It has 1s on the diagonal and 0s everywhere else

¢ Its symbol is the capital letter I

It is a special matrix, because when we multiply by it, the original is unchanged:

AXxT=A
1% A= A



Order of Multiplication

In arithmetic we are used to:

a8 =K o
(The Commutative Law of Multiplication)

But this is not generally true for matrices (matrix multiplication is not commutative):

AB = BA

When we change the order of multiplication, the answer is (usually) different.

Example:

See how changing the order affects this multiplication:

1 2 X A 1 _ T[4 4
EN I J — L10 8 _

] i ¥ 2 271 (2 47

The answers are different!
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Ais a3 x 2 matrix
Bisa2 x 3 matrix
Cisa2 x 2 matrix
Dis a3 x 3 matrix

Which of the following products does not exist?
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- 2 ] then what is AB 7

\

[ 7 14]
10 2

(18 8 |

23 11




e [_2 T] ,then what is XY ?

A [ -3 11 B [ -10 —-10
i 94 16 -1
L \_ & v
- r N ~
£ | =6 -4 D g 22
-6 5 -7 8
L F. N - J
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2 0

IfA:[ 31 2] and B= | —1 4 | ,then whatis AB?
-2 4 0
-3 2
N N N -
A [6 1 -6 B ] —8
016 0 | -8 16

C [1 0 D1 o
_016




I P= 200 and QQ = & = ,then what is PQ ?
1 - 3 2
\ (- - b
A7 14 B | -10 26
-5 —8§ | -4 9
N[ =
£ | = =10 D [-10 -4
3 -6 260 9
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-2 4 =2
IftP= i _53] and ) = [3 5 ] Jthen what is QP 7
— 3 ( -
A |7 14 B | -10 26
5 —8 -4 9
L L L
- r s
C [ -8 -10 D |[-10 -4
3 -6 269
L L L

——————
|

el 4

A1 et ¢

|
—————



ra=| 2 71 2] and B= | —1 , then what is BA ?
-2 4 0
—5

s N B 7

A 1 0 B |6 1 -6
8 18 016 0

C [6 0] D 6 -2 4
1 16 -11 17 -2
| 6 0 43 1 -6
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IfA= and B = ' and AB = BA then what is the value of x?
(A x={ }{B x=1 ]
{C x=2

|

A

P

AB — 1 z 11 B 1x14+2x]1 1x14+2xx2 B
23|12 |2x1+3x1 2x1+3x2]| 5
BA - 11 1 z| I1x14+1x2 1xax+4+1x3 B 3 z+3

12|23 |1x14+42x2 1xz+2x3| |5 z+6

If AB = BA, then the numbers in each cell of the two matrices must be equal
= 1+x=3,s0x=2

= 1+2x=x+3 =2 2x=x+2=x=2

= 5=35and

= 8=x+6,s0x=2

These equations are all satisfied by x = 2

|

1+x2 1+ 22

8

|




2 0 —1 5 1 =3
If A= 3 5 2 and B=| -1 0 4 | ,then whatis AB?7
-4 1 4 3 -3 3
r = o =
A 8 5 iy B 10 0 2
14 -3 20 -3 0 8
—~18 —16 21 -8 5 18
. - J \ -
r N ”
C 21 3 -—11 D -1 14 -4
—-18 4 17 -3 -3 23
| 17 -12 4 1 —-13 22




1 =2

0 4 ],thenwhat is BA?

—4 1 4 2 =3 3
A [10 0o 2 B 8 5 -7
3 0 8 14 -3 20
| -8 -3 12 -13 —-16 24
(C T—-1 —3 1 - 5 1 2] 2 0-1
14 -3 —13 |BA=|-1 0 4 8 0 2
L —% 23 22 _ 2 -3 3 ||-41 4

[5X241x34(<2) x (—4) 5x0+1x54 (-2 x1 5x(-1)+1x24(-2) x4
= (-1)x24+0x3+4x(—4) (-1)x04+0x5+4x1 (-1)x(-1)+0x2+4x4
| 2% 24 (=3) x34+3x (=4) 2x0+(=3) x5+3x1 2x (=1)+(-3)x2+3 x4 |

1 3 -1l
=|-18 4 17
17 -12 4




3 -2 5 2 -1 0

If A= 0 -1 6 and B= |3 —5 2 |, then what is AB 7
4 2 -1 1 4 -2
g n ~ 7 = =
A 6 -3 4 B 6 2 0
Y QN | 0 5 12
|11 —10 31 | —4 8 2
& 5 2fr —id D [ 8 29 —15
3 B9 —14 1 17 —16
| -3 -10 6 | 10 —24 6




3 -2 5 2 -1 0
fA=|{ 0 -1 6 [ andB=|3 -5 2 |,then whatis BA?
4 2 -1 1 4 -2
A [6 20 B[ 8 1 =10
0 5 12 29 17 —24
| -4 8 2 | 15 ~16 6
C [5 271 -14 D [6 -3 4
3 29 —14 i 5§ i
| -3 -10 6 11 -10 31




Determinant of a Matrix

The determinant of a matrix is a special number that can be calculated from a square matrix.

A Matrix is an array of numbers:

3 8
4 6
A Matrix

(This one has 2 Rows and 2 Columns)
The determinant of that matrix is (calculations are explained later):

3X6 — 8x4 =18 - 32 = =14



What is it for?

The determinant tells us things about the matrix that are useful in systems of linear equations ,
helps us find the inverse of a matrix , is useful in calculus and more.

Symbol

The symbol for determinant is two vertical lines either side.

Example:

|A| means the determinant of the matrix A

(Exactly the same symbol as absolute value .)



Calculating the Determinant

First of all the matrix must be square (i.e. have the same number of rows as columns). Then it is
just basic arithmetic. Here is how:

For a 2x2 Matrix

For a 2x2 matrix (2 rows and 2 columns):

The determinant is:

|A|] = ad — bc

"The determinant of A equals a times d minus b times c"

It is easy to remember when you think of a cross:

e Blue is positive (+ad), x

* Red is negative (—bc)






For a 3x3 Matrix

For a 3x3 matrix (3 rows and 3 columns):

P

O a e
5 6 T
- O

The determinant is:

|A| = a(ei — fh) — b(di — fg) + c(dh — eqg)

"

"The determinant of A equals ... etc

It may look complicated, but there is a pattern:
a b
X "} XC
| <M =><<I*|3<
To work out the determinant of a 33 matrix:

e Multiply a by the determinant of the 2x2 matrix that is not in a's row or column.
o Likewise for b, and for ¢

e Sum them up, but remember the minus in front of the b

As a formula (remember the vertical bars || mean "determinant of"):
e f d f
h 1 g 1

"The determinant of A equals a times the determinant of ... etc

d e

|“1|=ﬂ' g h

+c-

"



Example:

O
"
N Ao

1
-2
8

N O e

IC] =6x(—2x7 — 5x8) — 1x(4x7 — 5x2) + 1x(4X8 — (-2x2))
= 6x(—54) — 1x(18) + 1x(36)
= -306



For 4x4 Matrices and Higher
The pattern continues for 4x4 matrices:

¢ plus a times the determinant of the matrix that is not in a's row or column,

minus b times the determinant of the matrix that is not in b's row or column,

plus c times the determinant of the matrix that is not in ¢'s row or column,

minus d times the determinant of the matrix that is not in d's row or column,

Ay E) ¢ xd

fghll |le gh +||¢ f hl_|le fag

j k| i k | i | i J k

n o p m o p man p mno

As a formula:
f g h e g h e f h e f g
|Al=a-|j k I|=b-|i k l+4ec-|i j I|-d-|i j k
n op m o p m n p m n o
Notice the +—+— pattern (+a... —b... +c... —d...). This is important to remember.

The pattern continues for 5x5 matrices and higher. Usually best to use a Matrix Calculator for
those!



Not The Only Way

This method of calculation is called the "Laplace expansion" and I like it because the pattern is easy
to remember. But there are other methods (just so you know).

Summary
e For a 2x2 matrix the determinant is ad - be

e For a 3x3 matrix multiply a by the determinant of the 2x2 matrix that is not in a's row or

column, likewise for b and ¢, but remember that b has a negative sign!

e The pattern continues for larger matrices: multiply a by the determinant of the matrix that
is not in a's row or column, continue like this across the whole row, but remember the + — + —

pattern.



What is the determinant of the matrix A = “ 0 ] 7

-

ALl J(B 1 ]

(C -1 } D -l ]
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e fhs -
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What is the determinant of the matrix A = 2 =0 ] 7

.

rA -13 ]rB -7
\ \

C 7 J(D 13 }

\

o il 0
Gordyirtentid=| bedtmo 4=k
o

Dibsewga3 b o=,

BA= L
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What is the determinant of the matrix A = : 2] 7
A 28 J(B 220 ]
C 2 ] D 2 ]
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What is the determinant of the matrix A = _43 _; ] ?

: :
A -19 ] B -1 ]
\L \

C 1 J D 19 J

Bl i 4= ! ' b 4=50-%

ik el

S ek




What is the determinant of the matrix A =

A

3 0
2 =B
-3 1

-1

o I

B -44

& I

D -74

- ]




2 -3 1
What is the determinant of the matrix A= | 4 2 -1
-5 3 -2
Uk 263 J B -19
C -15 ] D 5




[ 5 1 -2
What is the determinant of the matrix A= | -1 0 4 ?
2 -3 3
[A -55 J(B 43
[C 55 ](D 65




[ —
What is the determinant of the matrix A = 3 2
| -4 1 4
.
rA 13 J rB 21
(C 53 J D 5 i

S S S
-]




What is the determinant of the matrix A =




Inverse of a Matrix

Please read our I ion Matri first.

What is the Inverse of a Matrix?

This is the reciprocal of a number:

8
1

8

Reciprocal of a Number

The Inverse of a Matrix is the same idea but we write it A-1

A
A

Why not l/A ? Because we don't divide by a matrix! And anyway 1/3 can also be written 871

And there are other similarities:



When we multiply a number by its reciprocal we get 1

8 x (l/g) =1

When we multiply a matrix by its inverse we get the Identity Matrix (which is like
"1" for matrices):

AxAl=1
Same thing when the inverse comes first:
(1/8) Magi=11

AlxA=1



|dentity Matrix

We just mentioned the "Identity Matrix". It is the matrix equivalent of the number "1":

1 0O
I=|0o10
0 01

A 3x3 Identity Matrix

e It is "square" (has same number of rows as columns),
e It has 1s on the diagonal and 0s everywhere else.

¢ [ts symbol is the capital letter I.

The Identity Matrix can be 2x2 in size, or 3x3, 4x4, etc ...



Definition

Here is the definition:

The inverse of A is AL only when:
AxAl=pAlxA=1

Sometimes there is no inverse at all.



2x2 Matrix

OK, how do we calculate the inverse?

Well, for a 2x2 matrix the inverse is:
a b1l 4 d -b
c d - -c a

In other words: swap the positions of a and d, put negatives in front of b and c, and divide
everything by the determinant (ad-bc).

4 7 -1 _ 1 6 -7
2 6 = 4x6-7x2 | -2 4
7

Let us try an example:

I
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How do we know this is the right answer?
Remember it must be true that: A x A"l = I

So, let us check to see what happens when we multiply the matrix by its inverse:

4 71[0.6 -0.7]1 _ [4x0.6 + 7%-0.2 4x-0.7 + 7x0.4
2 6 ||-0.2 0.4 | 2<0.6 + 6x-0.2  2x-0.7 + 6x0.4 J

[ 24-1.4 -28+2.8
| 1.2-1.2 -1.4+2.4 |

1 0
| 0 1

And, hey!, we end up with the Identity Matrix! So it must be right.

It should also be true that: A1 x A =1

Why don't you have a go at multiplying these? See if you also get the Identity Matrix:

Sesalze]=1 ]



Why Do We Need an Inverse?

Because with matrices we don't divide! Seriously, there is no concept of dividing by a matrix.

But we can multiply by an inverse, which achieves the same thing.

Imagine we can't divide by numbers ...

... and someone asks "How do I share 10 apples with 2 people?”

But we can take the reciprocal of 2 (which is 0.5), so we answer:
10 x0.5=5

They get 5 apples each.



The same thing can be done with matrices:

Say we want to find matrix X, and we know matrix A and B:
XA =B

It would be nice to divide both sides by A (to get X=B/A), but remember we can't divide.

But what if we multiply both sides by A"l ?
XAA'l = Bal
And we know that AA™L = I, so:
XI = BA'l
We can remove I (for the same reason we can remove "1" from 1x = ab for numbers):
X = BA'l

And we have our answer (assuming we can calculate A1)

In that example we were very careful to get the multiplications correct, because with matrices the
order of multiplication matters. AB is almost never equal to BA.



A Real Life Example: Bus and Train
o = A group took a trip on a bus, at $3 per child and $3.20 per adult
y o a for a total of $118.40.

They took the train back at $3.50 per child and $3.60 per adult
for a total of $135.20.

How many children, and how many adults?

First, let us set up the matrices (be careful to get the rows and columns correct!):

Child Adult Bus Train Bus Train
Xy X 3 35| _ 118.4 135.2
[ 2][3.2 3.6] = ]

This is just like the example above:

XA

]
w

So to solve it we need the inverse of "A":
-1
3 3.9 - 1 3.6 -3.5
32 3¢ — 3x3.6-3.5x3.2 |32 3

-9 8.75
8 -7.5




Now we have the inverse we can solve using:

X = BA'l

X, X, | = [118.4 135.2|[-9 8.75
[1 2] . ] 8 -7.5

r-118.4w-9 + 135.2x8 118.4x8.75 + 135.2--7.5:l

= i16 zz]

There were 16 children and 22 adults!

The answer almost appears like magic. But it is based on good mathematics.

Calculations like that (but using much larger matrices) help Engineers design buildings,
are used in video games and computer animations to make things look 3-dimensional,
and many other places.

It is also a way to solve Systems of Linear Equations .

The calculations are done by computer, but the people must understand the formulas.



Order is Important

Say that we are trying to find "X" in this case:
AX =B
This is different to the example above! X is now after A.

With matrices the order of multiplication usually changes the answer. Do not assume that
AB = BA, it is almost never true.

So how do we solve this one? Using the same method, but put A1 in front:

Alax = A-1B
And we know that A-1A= I, so:
IX=AlB
We can remove I:
X=AlB

And we have our answer (assuming we can calculate A™1)



Why don't we try our bus and train example, but with the data set up that way around.
It can be done that way, but we must be careful how we set it up.

This is what it looks like as AX = B:

3 3.20[x7] _ [118.4
35 3.6 || x|~ |135.2

It looks so neat! I think I prefer it like this.

Also note how the rows and columns are swapped over
("Transposed”) compared to the previous example.

To solve it we need the inverse of "A":

3 32717} 1 3.6 -3.2
35 36 - 3x3.6-3.2x3.5|.35 3
— | =9 8
8.75 -7.5

It is like the inverse we got before, but
Transposed (rows and columns swapped over).




Now we can solve using:

Same answer: 16 children and 22 adults.

X =A1B
-9 8 ][118.4
_8.75 -7.51]135.2

-9x118.4 + 8x135.2
8.75x118.4 - 7.5x135.2

16
| 22

So matrices are powerful things, but they do need to be set up correctly!



The Inverse May Not Exist
First of all, to have an inverse the matrix must be "square" (same number of rows and columns).

But also the determinant cannot be zero (or we end up dividing by zero). How about this:

-1

3 4 _ 1 (8 -4 ]
6 8 — 3x8-4x6 |-¢ 3 |
- 1 _[8-47
= 24-24 |_p 3 |

24-24? That equals 0, and 1/0 is undefined.
We cannot go any further! This Matrix has no Inverse.

Such a matrix is called "Singular”, which only happens when the determinant is zero.

And it makes sense ... look at the numbers: the second row is just double the first row, and does
not add any new information.

And the determinant lets us know this fact.

(Imagine in our bus and train example that the prices on the train were all exactly 50% higher than
the bus: so now we can't figure out any differences between adults and children. There needs to be
something to set them apart.)



Conclusion

e Theinverse of Ais A" lonlywhen A x Al=A1xA=1

e To find the inverse of a 2x2 matrix: swap the positions of a and d, put negatives in front of b

and c, and divide everything by the determinant (ad-bc).

e Sometimes there is no inverse at all



.
What is the inverse of the matrix
X = 31 ?
5 2

L J
A [ 2 —1] B [—2 5 |

-5 3 1 =3

_ _ N F _ _ ™

C | ¥ |3 5

-5 2 1 -2
L. - N = N\ B - A




‘What is the inverse of the matrix

an = 74?
21

Py . | )

A [ 1 —4] B [-1 4
-2 7 & —i
C '—4 1 7 . \rh r a
7 _—9 X 74
\ - N 21
Soa=7,b=4,c=2andd=1
First find the determinant of X:
det(X)=ad-bc=7x1-4x2=7-8=-1
The inverse of the matrix g is ; gy
c d ad—be | —c a

Therefore the inverse of X is

ya_ L[ 1 4] -1
T =1|-2 7| | 2 -1




7~

N 2 3 N
47

‘What is the inverse of the matrix

& [ _y
| —4 2

—-3.5 1.5 ]

Y

C M35 15

|

—-1.5 3.5 ]

|3'
£

1
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What is the inverse of the matrix

Y = s =2 ?
—4 2
A
' = = ~N 7 = = B
A |07 05 B | —07 —05
11 —=f =]
C [o05 075 D [ —05 —0.75]
1 1 -1 -1




-
What is the inverse of the matrix

-8 4
Z = 2 ?
6 —5
L
{ = N [ o
5 i _1 _5
A 16 4 B 4 16
301 _1 _3
| 8 2 | 2 8
\
( — —
5 1 1 5
C |- -4 D |: &
_3 _1 103
L 8 2 | 2 8




7

Which one of the following matrices is singular?

A [ 6 9|

2 3

—6 9
-2 -3

C (6 9 |

2 -3

-6 9

digdrnks o

i

ifFlaisigis
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Inverse of a Matrix
using Elementary Row Operations

Also called the Gauss-Jordan method.

This is a fun way to find the Inverse of a Matrix:

Play around with the rows [ A I ] And by ALSO doing the
(adding, multiplying or changes to an Identity Matrix
swapping) until we make "Efeme%y Ronlperatr’ons" it magically turns into the
Matrix A into the Identity Inverse!
Matrix I [ I | A'1J

The "Elementary Row Operations" are simple things like adding rows, multiplying and swapping
... but let's see with an example:

Example: find the Inverse of "A™:

A =

oOnN W
- O O
L]
- NN

We start with the matrix A, and write it down with an Identity Matrix I next to it:

vA I
3 0 2 1 0 0
2 0 -2 0 1 0
0 1 1 0 0 1

(This is called the "Augmented Matrix")



Identity Matrix

The "Identity Matrix" is the matrix equivalent of the number "1":

1 00
I=|0o10
0 01

A 3x3 Identity Matrix
¢ It is "square" (has same number of rows as columns),
¢ It has 1s on the diagonal and 0s everywhere else.

* It's symbol is the capital letter I.

Now we do our best to turn "A" (the Matrix on the left) into an Identity Matrix. The goal is to make
Matrix A have 1s on the diagonal and 0s elsewhere (an Identity Matrix) ... and the right hand side
comes along for the ride, with every operation being done on it as well.

But we can only do these "Elementary Row Operations":

* swap rows
* multiply or divide each element in a a row by a constant

e replace a row by adding or subtracting a multiple of another row to it



And we must do it to the whole row, like this:

[3 0
2

[ 0 1
5 0
2 0
[ 0 1
(1 o0
2 0
[ 0 1
[1 o
0 o
L& 1
[1 0o
0o o
Lo 2
(1 o
0o 1
Lo o
[1 o0
0o 1
L0 o

2 1 0 ]
-2 0 1 0
1 0 1]
0 1 1 0]
-2 0 1 o
1 0o 0 1 ]
0 0202 0
-2 01 o
1 o 0o 1]
0 0.2 02 0]
-2 |-04060
1 o o 1]
0 0.2 02 0 ]
1 02-030
1 0 0 1 |
0 02 02 0]
1 0o 0 1
1 | 02-03 0]
0 0202 0]
0 |-02 031
1 0.2-0.3 0 |
At

Add
-

1 Divide by 5

DSub'rracT x 2

Multiply by -%

D Swap

Subtract
oD

Start with A next to I

Add row 2 torow 1,

then divide row 1 by 5,

Then take 2 times the first row, and subtract it
from the second row,

Multiply second row by -1/2,

Now swap the second and third row,

Last, subtract the third row from the second
row,

And we are done!



And matrix A has been made into an Identity Matrix ...

.. and at the same time an Identity Matrix got made into A1

02020
A'1 = |-0.2 0.3 1
0.2-0.3 0

DONE! Like magic, and just as fun as solving any puzzle.

And note: there is no "right way" to do this, just keep playing around until we succeed!



Larger Matrices

We can do this with larger matrices, for example, try this 4x4 matrix:

4 0 0O

0 0 2 0

B . 01 2 0

1 0 01

Start Like this:

4 0 0 O 1 0 0 O
0O 0 2 0 01 00
01 2 0O 0O 010
1 0 0 0 0 01

See if you can do it yourself (I would begin by dividing the first row by 4, but you do it your way).

You can check your answer using the Matrix Calculator (use the "inv(A)" button).



Why it Works

I like to think of it this way: [ 8 | 1 J
* when we turn "8" into "1" by dividing by 8, HDI' de Y 8"
¢ and do the same thing to "1", it turns into "1/8"
[1] %]
And "1/8" is the (multiplicative) inverse of 8

Or, more technically:
The total effect of all the row operations is the same as multiplying by [ A | I ]
A-l

- 1
So A becomes I (because A"1A = I) [A | I]
And I becomes A™1 (because Alr - A'l)
[1]a%]



s &
Find the inverse of the matrix

=77

using Elementary Row Operations

. v
A [ 2 1 ] B [2 1]

| -35 13 35 13
C [-2 —1] D[ 2 —1]

Rt 3L 1




re

Find the inverse of the matrix
5 -1
=
15 -2

using Elementary Row Operations
L.

g - N
Az L B [-2 1
-3 1 3 -1
\ " J
{ _ 3
C [-#1 D [} -}
| -3 1 -3 -1
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Find the inverse of the matrix

3 5
-2 —4

using Elementary Row Operations

h—

- N B N N\
A [-2 -2l B |2 -2}
1 13 1 -1l
B s\ - »
C [-2 2 D [2 2!
-1 13 -1 -1




'

Find the inverse of the matrix

e=[ 7]

using Elementary Row Operations

s - i -

A [0925 0125 B [ 025 —0125
—0.5 —0.75 05 0.75

' _ N 7 _

C |02 0125 D | 025 -0125
05 0.75 —05 0.75
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Find the inverse of the matrix

Fo| 4 3
25 —2

using Elementary Row Operations

. S
r - - ~ 7 -
A [-4 6 B [4 -6

5 -8 5 -8
\ - - J\ -
s . w. -
4 —6 D |46

-5 8~ _58
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Find the inverse of the matrix

1 0 -3
C=12 -2 1
0 -1 3

using Elementary Row Operations
\

‘A [-5 -3 —6 1B [-53 —6] |
— —i i 6 3
| -2 1 -2 |21 2
C [5 36 D [-53 —6]
—6 3 -7 —6 3 -7
[ 2 1 =2 (-2 1 -2
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Find the inverse of the matrix
2 -1 0
M=|1 3 -1
=3 0 1
using Elementary Row Operations
A [ -075 025 0.25 B [0.75 025 0.25]
0.5 05 05 05 05 05
| —2.25 0.75 1.75 2.25 0.75 1.75 |
C [o05 05 05 D [07 025 025]
0.75 0.25 0.25 225 0.75 1.75
| 2.25 0.75 1.75 05 05 05 |
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Find the inverse of the matrix

3 3 2
G=|-2 1 5
4 -3 -12

using Elementary Row Operations
L.

A [3 3 13 3 30 13
-4 —44 -19 4 44 19
2 21 9 (2 21 9

C [—8 —80 a8 (3 30 13
—4 —44 -19 —4 —44 -19
2 21 9

| -2 -21 -9
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Find the inverse of the matrix

3 -2 5
H=|0 -1 6
o 3 =1
using Elementary Row Operations
.
A [-22 16 -14 [ 22 —-16 14 |
48 -34 36 —48 34 -36
| 08 04 0.6 | 08 04 0.6
C [22 -16 14 [ 22 16 14 ]
48 -34 3.6 48 -34 3.6
| 0.8 —0.4 0.6 | 08 04 —0.6




'

Find the inverse of the matrix
-2 =21

J=| -4 -8 4
-1 5 0

using Elementary Row Operations

' _ N _

A 1 -025 0 B -1 025 0
—0.2 0.05 0.2 0.2 —0.05 —-0.2
_—1.4 0.6 04 | —14 0.6 0.4

\ A

' = . =

C -1 025 0 D -1 025 0
—-0.2 0.05 0.2 -0.2 0.05 0.2
| 1.4 —-06 —-04 | —1.4 06 04




Inverse of a Matrix
using Minors, Cofactors and Adjugate

(Note: also check out Matrix Inverse by Row Operations and the Matrix Calculator .)

We can calculate the Inverse of a Matrix by:

e Step 1: calculating the Matrix of Minors,
¢ Step 2: then turn that into the Matrix of Cofactors,
e Step 3: then the Adjugate, and

* Step 4: multiply that by 1/Determinant.

But it is best explained by working through an example!

Example: find the Inverse of A:

3 0 2
A=|2 o-2
0 1 1

It needs 4 steps. It is all simple arithmetic but there is a lot of it, so try not to make a mistake!



Step 1: Matrix of Minors
The first step is to create a "Matrix of Minors". This step has the most calculations.
For each element of the matrix:

¢ ignore the values on the current row and column

e calculate the determinant of the remaining values

Put those determinants into a matrix (the "Matrix of Minors")

Determinant

For a 2x2 matrix (2 rows and 2 columns) the determinant is easy: ad-bc

Think of a cross:

¢ Blue means positive (+ad), X

* Red means negative (-bc)

(It gets harder for a 3x3 matrix, etc)



The Calculations

Here are the first two, and last two, calculations of the "Matrix of Minors" (notice how I ignore the
values in the current row and columns, and calculate the determinant using the remaining values):

-. B
0 -2 | Ox1-(-2)x1=2
- 1 1 .
- . .
2 -2 | 2«1 -(-2x0:=2
. 0 1)
o 2
2 -2 3x-2 - 2%2 = -10
. @
Fe =
2 0 3x0 - 0x2 =0
! @
And here is the calculation for the whole matrix:
Ox1 - (-2)x1  2x1 - (-2)x0 2x1 - 0=0 e 2 2
Ox1 - 2x1 3x1 - 2x0 3x1 - 0x0 = -2 3 3
0x(-2) - 2x0 3x(-2) - 2x2 3x0 - 0=2 0-10 0

Matrix of Minors



Step 2: Matrix of Cofactors

This is easy! Just apply a "checkerboard" of minuses to the "Matrix of Minors”. In
other words, we need to change the sign of alternate cells, like this:

2 2 2 + @ + 2@ 2

-2 3 3|~|= + & |~>|*2 3 &3

0-10 0 + & + 0#10 0
Matrix of Minors Matrix of CoFactors

Step 3: Adjugate (also called Adjoint)

Now "Transpose” all elements of the previous matrix... in other words swap their positions over the

diagonal (the diagonal stays the same):
2 »22 .0

2 -3 0



Step 4: Multiply by 1/Determinant

Now find the determinant of the original matrix. This isn't too hard, because we already calculated
the determinants of the smaller parts when we did "Matrix of Minors".

a, b c

<\ |I*l3<

In practice we can just multiply each of the top row elements by the cofactor for the same location:

Elements of top row: 3, 0, 2
Cofactors for top row: 2, -2, 2

Determinant = 3x2 + 0x(-2) + 2x2 = 10
(Just for fun: try this for any other row or column, they should also get 10.)

And now multiply the Adjugate by 1/Determinant:

112 2 0 02020

Al = 1%l2 3 10]=|02031
2 -3 0 02-03 0

Adjugate Inverse

And we are done!



Larger Matrices

It is exactly the same steps for larger matrices (such as a 4x4, 5x5, etc), but wow! there is a lot of
calculation involved.

For a 4x4 Matrix we have to calculate 16 3x3 determinants. So it is often easier to use computers

(such as the Matrix Calculator .)

Conclusion

e For each element, calculate the determinant of the values not on the row or
column, to make the Matrix of Minors

e Apply a checkerboard of minuses to make the Matrix of Cofactors
* Transpose to make the Adjugate

e Multiply by 1/Determinant to make the Inverse
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Find the inverse of the matrix
1 0 -3
C=|2 -2 1
0 -1 3

using Minors, Cofactors and Adjugate
.

A [-5 -3 —6 B 5 3 6
6 3 7 -6 -3 -7
| -2 -1 -2 2 1 2

C [-53 —6 D [ -5 -6 -2
-6 3 -7 3 3 1
| % 4 —2 -6 —7 —2
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N .

.

Find the inverse of the matrix

2 -1 0

M=]1 3 -1

-4 0O 1

Step 1 Find the Matrix of Minors:

Matrix of Minors

31— (—1) =<0 11— (—1) < (—3) 1L>xx0—3 x (—3)
= —1 <1 —0x<0 2x1—0 =< (—3) 20— (—1) < (—3)
(—1) < (—1) — 0 =< 3 2x{(—1) — 0 =<1 2=x3 —(—1) =<1

3 —2 9
—— —1 2 —3
1 —2 7T

Step 2 Find the Matrix of Cofactors by changing the signs of alternate cells:

[ 3 2 9
Matrix of cofactors — 1 2 3
| 1 2 T

Step 3 Find the Adjugate by transposing all elements in the Matrix of Cofactors:

3 1 1
Adjugate — 2 2 2
9 3 7 |
1
t. 4 Multiply by ——M—
S R Y determinant

det (M) =2 x3 —(—1) <x(—2)+0x9—=6 —2+0—4

ST B

determinant 4

0.75 0.25 0.25
0.5 0.5 0.5

2.25 0.75 1.75

Therefore Af ! — 2L

ON®

W=

ST
I
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Find the inverse of the matrix
2 0 3
A=|-23 -4
-3 1 -4
using Minors, Cofactors and Adjugate
A [-16 06 —18 B [-16 06 —-18]
08 02 04 08 02 04
| -14 04 -12 | 14 —04 1.2
C [16 -06 18 D [-16 06 -18]
08 02 04 08 —02 —04
| 14 —04 1.2 | 14 04 12




Find the inverse of the matrix
-3 1 -6
B=12 0 4
-1 2 =3

using Minors, Cofactors and Adjugate

A [4 -45 2 B [-4 -45 -2]
-1 15 0 1 15 0

| -2 25 -1 | 2 25 1 |

C [-4-45 2] D [-4 45 2]
1 15 0 1 =15 0

| 2 25 -1 | 2 -25 -1]




-

Find the inverse of the matrix

6 -3 -2
D=|-5 -1 3
-2 4 0

using Minors, Cofactors and Adjugate

| -22 -18 -21

A [1208 11 [ 12 08 1.1 ]
0.6 0.4 0.8 —06 —04 —08
| 22 1.8 21 | 28 18 91 |
C [12 08 11 [ -12 -0.8 -1.1]
0.6 04 08 0.6 04 08
22 18 21




”
Find the inverse of the matrix

5 -2 3
E=]1-2 6 -1
3 -4 2

using Minors, Cofactors and Adjugate

AT 1 -1 2
0.125 0.125 0.125
| -1.25 175 -3.25

-

1 -1 -2
0.125 0.125 —0.125
| -1.25 175 3.25

C [ = - | -3
—0.125 0.125 —0.125
125 1.75 3.25

1 1 -2
0.125 —-0.125 —0.125
| —-1.25 -1.75 3.25




Find the inverse of the matrix

-3 7 =5
F=14 -1 12
-2 9 -1

using Minors, Cofactors and Adjugate
L

A . [ 107 —38 79 1 [ 107 38 79
S|-20 7 16 S| 20 -7
| -34 13 25 —34 13 25
C 1 [ 107 —38 —79 1 [ 107 —38 79
S| 0 -7 . T -0 -7 6
| 34 -13 -25 34 13 -25




('I:‘Z....‘I B T . \]

e

Step 1: Find the Matrix of Minors:

Matrix of Minors

1 x(—12) —5x(—3) —2x(—12) —5 x4 —2x(—3)—1x4
=] 3x(—12)—2x(—3) 3x(—12)—2x4 3x(—3)—3x4
3x5—2x1 3x5—2x(—2) 3x1—3x(—2)
3 -1 2
— —30 —44 —21
13 19 9

Step 2: Find the Matrix of Cofactors by changing the signs of alternate cells:

3 —4 2
Matrix of cofactors = 30 —44 21
13 —19 9

Step 3: Find the Adjugate by transposing all elements in the Matrix of Cofactors:
3 30 13

Adjugate = —4 —44 —19
2 21 9
1

t 4: Multiply by ——M
Step LY Y determinant

det{G) —3x3—3x4+2x2=—9—12+4=1

1 1
S —_— e — == 1
2 determinant 1

Therefore G = —_—4 —d44 —19




#
Find the inverse of the matrix

3 -2 &
H=|0 -1 6
-4 2 -1

using Minors, Cofactors and Adjugate
\

A [2216 14
48 34 36
| 0.8 0.4 06

(22 —16 —1.4
48 -34 -3.6
0.8 —0.4 —0.6 |

C [22 -16 14
48 —34 36
| 0.8 —0.4 06

[ 22 —16 1.4 ]
—48 —34 36

| 0.8 —0.4 06 |




Find the inverse of the matrix

-2 =21
J=|-1 -84
-1 5 0

using Minors, Cofactors and Adjugate
,

ATl 1 02 o0 [ 1 —025 0
—0.2 —0.05 0.2 —0.2 005 —02
| -14 06 —04 | 14 06 04
C [ -1 025 0 [ —1 025 0
0.2 005 02 —0.2 0.05 0.2
| -14 —0.6 04 | -14 06 04




Solving Systems of Linear Equations Using
Matrices

Hi there! This page is only going to make sense when you know a little about Systems
of Linear Equations and Matrices , so please go and learn about those if you don't
know them already!

The Example

One of the last examples on Systems of Linear Equations was this one:

Example: Solve

ex+y+z=6
e2y+5z2=-4

ex t by —z=27

We then went on to solve it using "elimination” ... but we can solve it using Matrices!

Using Matrices makes life easier because we can use a computer program (such as the Matrix
Calculator ) to do all the "number crunching”.

But first we need to write the question in Matrix form.



In Matrix Form?

OK. A Matrix is an array of numbers, right?

6 4 24
1 -9 8
A Matrix

Well, think about the equations:

x + vy + z = 6
2y + 5z = -4
2x + 5y - z = 27
They could be turned into a table of numbers like this:
i i § 1 = 6
0 2 5 = -4
-1 = 27
We could even separate the numbers before and after the "=" into:
6
2 =5 and -4
5 -1 27

Now it looks like we have 2 Matrices.



Now it looks like we have 2 Matrices.

In fact we have a third one, which is [X ¥ Z]:

2. d: 1 X 6
0 2 5 Y= =4
2 5 -1 z af

Why does [x y z] go there? Because when we Multiply Matrices the left side becomes:

Ll b X+y+z
02 5||Y|=]| 2y+52
2 5 -1 z 2x + 5y - z

Which is the original left side of our equations above (you might like to check that).



The Matrix Solution

We can write this:

1 1 1 X '3
0O 2 5 b 4 = |-
2 5 -1 z 27
like this:
AX =B
where

e A is the 3x3 matrix of x, y and z coefficients
e Xis x, y and z, and

e Bis6, -4 and 27

Then (as shown on the Inverse of a Matrix page) the solution is this:

X =A1B



What does that mean?

It means that we can find the values of x, y and z (the X matrix) by multiplying the inverse of the
A matrix by the B matrix.

So let's go ahead and do that.
First, we need to find the inverse of the A matrix (assuming it exists!)

Using the Matrix Calculator we get this:

: 4 47 27 6 3
02 5 :_%10-3-5
2 5 -1 4 -3 2

(I left the 1/determinant outside the matrix to make the numbers simpler)

Then multiply Al by B (we can use the Matrix Calculator again):

x 27 6 37[ e . [105 5
y :_%10 3 5| -4 = 35| -63] = |3
z -4 -3 2 ||l27 42 -2

And we are done! The solution is:

X =5
y =3,
z=-=-2

Just like on the Systems of Linear Equations page.

Quite neat and elegant, and the human does the thinking while the computer does the calculating.



Just For Fun ... Do It Again!
For fun (and to help you learn), let us do this all again, but put matrix "X" first.

I want to show you this way, because many people think the solution above is so neat it must be
the only way.

So we will solve it like this:
XA=B

And because of the way that matrices are multiplied we need to set up the matrices differently now.
The rows and columns have to be switched over ("transposed"):

-

[xz]

= [x*+y+z 2y+5z 2x+5y-z]

L

0 2
2 5
5 -1

And XA = B looks like this:

[xyz] [1

2] =[6 -4 27 ]



The Matrix Solution

Then (also shown on the Inverse of a Matrix page) the solution is this:

X = BA'1
This is what we get for A™1:
o 271 27 10 -4
2 5 = 4|6 -3 -3
1 5 -1 3 -5 2

In fact it is just like the Inverse we got before, but Transposed (rows and columns swapped over).

Next we multiply B by Al

[xv 2]

1
_ﬁ[é-le 27]-27 10 -4
6 -3 -3
3 -5 2

=1 [-105 -63 42]

[5 3-2]

And the solution is the same:
X=5,y=3andz =-2

It didn't look as neat as the previous solution, but it does show us that there is more than one way
to set up and solve matrix equations. Just be careful about the rows and columns!



Use matrices to solve the equations :

xFy—23
4x -3y=17
(A x=-2andy=3 B x=2andy=-3
W NS
' , fas]l. 1 [d —b
be par of linar equatons as  matrix equation The inverse of the matrix | = | i8—7—2-] =
Nk
y| | Therefore the inverse of X is
1 -3 -1
X_l T 13 [ ]
. ; —-13 | —
the juverse of the matrix; s
1
= Multiply both sides of the matrix equation by X!:
=l,c=4udd=3 1 [=3 -1 |38 1|[=|_ 1 [-3-1 3
13| -4 3 4 -3 y| -13|-4 3 17
i Therefore: F | = L —26
o=3n(d)- Dxd=9-4=13 3 I R I
b || d -b =
s¢ of the matrix [ud]isﬂ ] -
3 ﬂ— -
‘ + =z=2and y=-3




(
Use matrices to solve the equations:

x+3y=11
3x-4y=-13

-
A x=landy=3
\

i—

{B x=-2andy=35 ]

(C x=-5Sandy=7 ][D x=5Sandy=-7 }

4
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Use matrices to solve the equations:
2x - Sy =31

3x+7y=-45
o

/A r=1andy= -6 J[B r=3and y=-5 ]

A

(C r=8andy= -3 ][D z=13and y = -1 ]

N




P

Use matrices to solve the equations :
x-y=-11
2x+3y=11

(A x=-2andy=-5 ]{B x=-2andy=5 ]

\

(C x=2andy=$ MD x=3andy=20 ]

\




Use matrices to solve the equations :

5x+2y=1
2x—y=13
[A x=5andy=-12 ][B x=-3andy=-7 J

[C x=3andy=7

A

D x=3andy=-7 ]

Mulrhy 0eh sidks of he alrs aguaien by X4
afaa]fs ][] o[ 2]
Sl-2a]2a]y] e |n
_af-n] [

Tl ||




s

Use matrices to solve the equations:
3x+2y=-9
Sx-=Ty=-1

(A x=-Tandy=6 ]{B x=Tandy=-6 ]

.

(C x=3andy=-9 }[D x=7andy=6 ]

\,




g 3
Claire and Dale shopped at the same store.

Claire bought 5 kg of apples and 2 kg of bananas and paid altogether $22
Dale bought 4 kg of apples and 6 kg of bananas and paid altogether $33

Use matrices to find the cost of 1 kg of bananas

\

(A 83 HB $3.50 J

C $4 ND $4.50 1




4 B
Ann and Billy both entered a quiz. The quiz had twenty questions and points were allocated as

follows:
* p points were added for each correctly answered question.
* q points were deducted for each incorrect (or unanswered) question.

Ann got 15 questions correct and scored 65 points.
Billy got 11 questions correct and scored 37 points.

Use matrices to find the value of q?
. J

o= 2= |

cu oo |




A store sells books and CD's. All the books have the same price and all the CD's have the same price,
but different from that of the books.

Diane and Eric both shopped at the store.

Diane bought 5 books and 3 CD's and paid altogether $90
Eric bought 2 books and 8 CD's and paid altogether $138

Use matrices to find the cost of one CD.

N

A S B sl

‘C $13 D §15




7

Use matrices to solve the equations :
X+y-z=-3
2x-3y+4z=23

3x+y-2z=-15

(A x=2,y=-landz=4 J[B x=1l,y=-2andz=2 ]

\

(C x=2,y=-9andz=-4 J[D x=-2,y=-landz=0 ]

\







