Lecture 3

» Distance and Midpoint
» Absolute Value: equation & inequal
» Line Equation

» Systems of Equations




The Cartesian Plane

The Cartesian plane (coordinate plane, xy-plane) is a flat surface used
to locate points using ordered pairs (x, y).

y-axis
Plot points on a graph:
: x-axis P (2, 1)
0 (0,0)
origin Q (6, 4‘)
R (6,1)
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Midpoint

X1t+X, 3’1"‘3’2) A M B

m(2,2

Find midpoint of a segment PQ, where P (—2,4) and Q (4, —2).



P(1,2) mm) A(0,2)

Q (5, 6) B (4, 5)
R (a, 2) — at this point occurs right-angle C.(4, 2)
Find a. Find the length of PQ, QR and PR. Find the length of AB, BC, and AC.

Find distance between two points (1, 3) and (3, 12).

Find distance between two points (2, 3) and (8, 27). Find midpoint of the line segment.

Find midpoint of the line segment between two points (1, 4) and (3, 10).
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Distance and Absolute Value I
Letx € R
* Define the absolute value or magnitude of x to be
X =+ta
x,if x = 0 x| = a
| xl — = distance between x and 0 on the real line. B
x,if x < 0 x=-da
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Absolute value
always positive

Distance is
always positive

Absulute value
is a distance.
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[-3] =3 4 s 4 units

-3 Is 3 units away from zero
away from zero
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Absolute Value Equation

|5-—2x| -11=0

|5-2x| =11 Isolate the absolute value

L ~_, Split the equation up into
5-2x=11 5-2x=-11 | two separate equations
—-2X=6 —2x=-—16
X=-3 X=8

Solve each of the equations

7 . : : :
Therefore, x = 1and x = — 3 which are the two solutions to the given equation.



Example: Solve for x: |3x + 2| = 5.

Use case analysis:
Case 1:
2x—1=4x+32x—1=4x+3—-1—-—3=4x—-2x—1—-3 =4x — 2x —

4 =2x>x=—-2—"4=2x>x=—2.

Case 2:
2x—1=—A4x+3)2x—1=—-{A4x+3)2x—1=—-4x—-32x—1
=—4x —-32x+4x = -3+ 12x+4x = -3 +16x = -2 > x = —136x

= —2=>x=—-31

Thus, the solutionsare x = —2 orx = —13.



Absolute Value on both sides

|I2x + 1| = |3x — 5]

Inumber| = |number|
Check each case that is true:
( )
Inumber| = |number| Inumber| = | — number|
N\ _J
4 )
| -number| = | — number]| | —-number| = |number|

\. J




Rules for Absolute Values

1. la]l = +a, |a| >0, if a# 0, |0] =0.
2. |—al = |al.

3. la] = VaZ.

4. |lab| = |al|b|.

5.la + b| < |a| + |b|.

6.la — b| < |a| + |b|.

7.la —b| = |a| — |b|.

8. ||a] = |b|| < |a —b].




Inequalities with absolute value

Inequalities of the form |x — a| < k and |x — a| > k arise so often that

we have summarized the key facts about them in Table below

INEQUALITY GEOMETRIC ALTERNATIVE FORMS
(k> 0) INTERPRETATION FIGURE OF THE INEQUALITY
|x —a| <k x is within & "‘k units*l«k units*l ~k<x-a<k
units of a. —e > —k<x :
a-k a x a+k a-k<x<a+k

|"' - “l > k x is more than "k units*|<—k units*l x—-a<-korx-—-a>k
]
a-—k

k units away ko k
: > x<a-korx>a+k
from a. a a+k x



Absolute Value Inequality
X - 4| < 7
Xl Kod X-4 > -7

X-44+44 <7+4 : X-4+4>-7+4
> G ok |3 X > -3

|9 -4]| =|5|=5 i{|-2-4|=]|-6] =6

B < 7
s i, ey X 17

Remember: If a < b and ¢ < 0, then ac > bc.




g All real numbers. The If an absolute value equation o P
Z=X T ll =l _3 abSO"Jte Value \Vi" a'WayS be is equal to ZEro, G R
greater than zero.
x+5|=0
‘8 k. x| < =3 No solution. The absolute NO SOLUTION
value will never be less than th . luti An absolutevalue
zero, Just like absolute value CTE 18 OhE: SOIUTIONn. can never equala
cannot be = to a negative negative number
number.
Example: Two Solutions One Solution No Solutions
x+3|<-2 x| =6 x| =0 x| = —6
\5+3 <-2 2x—5|=8 | |[2x—5/=0 | |2x—5| =—8
— 2 2 2
8/<-2 |—x—7|=23 |—x—7|=0 |—x—7‘=—23
3 3 3
8 < —2 False




Example: Solve the following inequality

1

> 5
|2x—3]

@) |x—3|<4 (b)|lx+4=2 (c)

Solution: (a) Given |x — 3| < 4 and it can be written as

-4 <x—-3<4 = -1<x<7

It is clear the solution set is given by (—1, 7).

(b) The given inequality can be written as
x+4=22 orx+4< -2 = x=—-2 orx<-—6

The solution is then (—co0, —6] U [—2, o).



(c) First of all, keep in your mind that x =§ 1s excluded from the set of

solutions because this value of x results 1n a division by zero. Now,

1 1
>5 = |2x—-3|<=-=2x—3<1/5and 2x—-3 > —-1/5
2% 3 |2x | z X /5 and 2x /

After simplification we see that

5
The solution set 1s (g,g) U (3 §) .



Solve the equation.

= |2x—6l+1=2
~3|x—1|—6=23
|lx=7|+2=2

|13x + 2| = |x — 6]

| Xim=t] = ]

Solve the inequality.

2|lx =9 +6 >6
—4|3x—1| =8
—5|2x+2| -3 = —3

-10+§|x-4| > —10

3|§x+2|+6 <15

Let's
Practicel



/%IZx—6I+1=2

~3lx=1-6=3
|x=7|+2=2
|3x + 2| = |x - 6|

Kh’—‘ll: |4 - x|

e D

No Solution

{7}

{—4) 1}

-

21x=9]+6 >6
—4|3x-1| =8

—5|2x+2| -3 > -3

-10+ 3 [x = 4] > -10

R

3|::-x+2|+6 <15

\J

(-0, 9) U (9

No Solution

{-1}

(-10,2)

) )




CO 0O 6x+4|=8x+10

CO O 3x-1]+5=3
CO 0O x-2|=2x-3

CQ|12-6x|=42

O 0 (26-4|=2b-4

DD |2a+1|=a+5

$D—3|x+5|+1=7|x+5|+8

£ Q5le-2]=30

O Ol4x—1-11<20
CD Q -3|x+2|<-9

CO o> 12

COO8+4v-7217




Lines

* Alineis a one-dimensional figure (a straight path ), which has
length but no width and no endpoints.

* Alineis an infinite number of points extends infinitely in both
directions.

—

The general form of an equation is

ax + by =c a,b,c — constants

variables



How do we find the equation of a line?

°ax+by=c‘o)

*by = —ax +c =~
/
.y:—a;ﬁc’ b =0
)
oy:(—%)x{—% | > y=mx+k



y » A line is determined by two points.
Sketch the line. !

X y

2x+ 3y =6 0 | 2
3 0

3y =6 — 2x

_ 2z
y=-3% +




Slope

The slope or gradient of a line is a number that describes

both the direction and the steepness of the line.

vertical rise

m = slope =
P horizontal run

Q (x2; yZ)

Y2 — V1
X2 — X1

Y2 =W m =

P (x1,¥1) ni

A
\4

X2 —Xq



In mathematics, the slope or gradient of a
line is a number that describes both the
direction and the steepness of the line.

Slope tells you how steep a line is, or how
much y increases as x increases. The slope is
constant (the same) anywhere on the line.

Some real life examples of slope include:

v In building roads one must figure out how
steep the road will be.

v’ Skiers/snowboarders need to consider the
slopes of hills in order to judge the dangers,
speeds, etc.

v When constructing wheelchair ramps, slope is

SN, a major consideration.
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 Find the slope of the line passing through P (2, 2) and Q (5, 6)
P(x1,y1)  Q(xz,2)

+ Find the slope where P (-1, 2) and Q (5, -4) 1M\



Slope

Positive

Negative

ero

Infinite




What is the y intercept and the x intercept?

A y-intercept is the point where a graph crosses the y-axis (set x = 0).

An x-intercept is the point where a graph crosses the x-axis (set y = 0).

* |ntersect means when two or

more lines/curves meet or

cross each other.
* An intercept is a specific
point where a graph crosses

(intersects) an axis.

A
®
8 g s
fixed price
> T
Unit used

Y
A

time of
maximum height

%

< »7

Time

Velocity

The vy intercept of a straight line is the

value of y when the x-coordinate is zero.

In this real life example, the y intercept
represents the fixed price of an energy
tariff, with the gradient representing the
cost per unit of energy.

The x intercept of a straight line is the
value of & when the y-coordinate is zero.
In this real life example, the = intercept
represents the time when an object
projected upwards reaches its maximum
height and its velocity is momentarily
zero, before it begins to fall back down.




Find the equation of line L passing through P(2, 3) and Q (7, 13)
1) Find a slope.

2) Put coordinates of any of given points and find constant b.

1m_13—3_10_
T g2 5

2 (slope)

2. y = mx + b —line equation

e y=2x+Db m=2

*P(2,3): 3=2x2+b 3=4+Db b=3-4
b=-1

m=2,b=-1

y=2x—-1




P (2, 5) and Q (4, 9) — find a line equation.
A (2, 0) and B (8, 3) — find a line equation.

W (-2, 5) and Y (4, -9) — find slope.

What is the slope of a line that runs through points: (-2, 5)

and (1, 7)? Write the line equation.

A line passes through the points (-3, 5) and (2, 3). What is

the slope of this line and line equation?




1) For each graph: Write the equation of the line in SLOPE-INTERCEPT FORM.

N
©

a. b. c.
4 4 4
/
/
e ¢ /-/ > < >
A ™~
/ \\Q<r
v v v
Slope = Slope = Slope =
y-intercept = y-intercept = y-intercept =

equation: equation: equation:




d. e. f.

/
//
3 v v v
Slope = Slope = Slope =
y-intercept = y-intercept = y-intercept =

equation: equation: equation:




' Y=y
2) Find the slope of the line through each pair of points. Slope = xz _ xl
2 1
a. (8,-7)and (5,-3) b. (-5,9) and (5, 11) c. (-8,-4) and (-4,-9)
d. (-4,3) and (-6, -8) e. (-7,-1) and (-7,2) f. (9, 4) and (-6, 4)

3) Tell whether each slope is positive, negative, zero, or undefined.

a. b. \ C. / d.
< >




4) For each linear equation, identify the slope (m) and the v-intercept (b)
a. y=4x-5

2
=11+—x
b. y 3

2
c y=§—x
9
6——x=
d 5 Y=Y
e. J 7 3
S 2
f. ——S—5X=)



Practice Problems

1. Find the equation of the line that passes through the point (1, 4) and has a slope of 12.

2. Find the equation of the line that passes through the point (1, 4) and has a slope of 2.

3. Find the equation of the line that passes through the point (27, 4) and has a slope of _T2
4. Find the equation of the line that passes through the point (—11, 2) and has a slope of I—f

5. Find the equation of the line that passes through the point (10, 6) and has a slope of % What is the y-intercept of the line?

6. Find the equation of the line that passes through the point (3, 29) and has a slope of 6. What is the y-intercept of the line?




Systems of Equations

{2x+3y=—12 <|ix—yzll Tx-—y=-10
-x-3y=18 2x+y=19 -7x+5y=-6
x+3y=18 —-6x+5y=1 X —=y=15
{ —x—4y=—25 6x+4y:_10 8x+y =-14



@{ -6X - 8y = -28
9% + 5y =-14

(®J -30x+4y=2
15X-12y =-

@{-6x=18-y
9=-3x -8y

@{18x-6y:30
9% -y=-19

Systems of Equations

@{ -Ox + 3y = 27
-3x + 4y = 27

@ <[-Sx+5y=-25
3x+2y=10

@{10x+12y--26
-6x + 6y = -24

{3x-5y=-17

2X + 15y =7

5x+y=9
10x -7y =-18

2x=-3y+ 16
5X-4y=-6

l{-4x+9y 9
X -3y

I{4x+8y—12
2X + 4y

6X + 6y = -6
5x+y=-13

[E]{ -2X - 9y =-25
-4x - 9y =-23

{-7x+y=-19
-2X + 3y =-19



Solve and show a solution set for each problem. ™

prosRef]

.2|3x_1|_1:7 * A(S,—6)andB(—3,1)
find midpoint coordinates and distance
between given two points.

¢ 2[83x—-1|—-1<7

e |-2x+7|+5=>14



