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Previous lecture

• Spring analysis by direct stiffness 

method

• Shape function of the spring element

• Derivation of the spring stiffness 

matrix











Finite Element Basis



Derive Stiffness matrix for Bar Element

• 𝐸 = 𝜎 
𝜖

• 𝜎 = 𝐸 𝜖
• 𝐹= E𝑐ℎ𝑎𝑛𝑔𝑒 𝑖𝑛𝑙𝑒𝑛𝑔𝑡ℎ

𝐴 𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙 𝑙𝑒𝑛𝑔𝑡ℎ

•𝐹= E𝑢

𝐴 𝐿















Example



Solution





Solution



Solution

Stress



Solution

Second 
stress



Solution

Stress



Class Activity

• For the Bar Assemblages shown in figure Determine the nodal 
Displacement, The forces in each element and the reaction use the 
direct stiffness method.



Solution

U1=0
Because it is

fixed

𝐹1
𝐹2 = 0

𝐹3 = 5 000𝐾𝑁

840 ∗ 106 −840 ∗ 106

= −840 ∗ 106

0
1680 ∗ 106

−840 ∗ 106

0
−840 ∗ 106

840 ∗ 106

𝑢1 = 0
𝑢2
𝑢3



Solution

• 𝐹2 = 0
𝐹3 = 5 000𝐾𝑁

= 1680 ∗ 106 −840 ∗ 106

−840 ∗ 106 840 ∗ 106

𝑢2
𝑢3

0 = 1680 ∗ 106u2+(−840 ∗ 106)u3

5000= −840 ∗ 106u2+ 840 ∗ 106u3

𝑢3
𝑢2 = 5.952 ∗ 10−6

1.190 ∗ 10−5



•
𝐹1

𝐹2 = 0
𝐹3 = 5 000𝐾𝑁

840 ∗ 106

= −840 ∗ 106
−840 ∗ 106

1680 ∗ 106

−840 ∗ 106

0
−840 ∗ 106

840 ∗ 1060

𝑢1 = 0
𝑢2
𝑢3

• F1= 840 ∗ 106(0)+(−840 ∗ 106(5.952 ∗ 10−6)=-4999.68 N



Nodal forces

• 1𝑓
1

2𝑓
1

= 840 ∗ 106

−840 ∗ 106
−840 ∗ 106

840 ∗ 106

𝑢1 = 0
𝑢2 = 5.952 ∗ 10−6 =

−4999.68
4999.68

• 2𝑓
2

3𝑓
2

= 840 ∗ 106

−840 ∗ 106
−840 ∗ 106

840 ∗ 106
5.952 ∗ 10−6

1.190 ∗ 10−5
=

−4996.32
4996.32



Reference

• A First Course in the Finite Element Method, Daryl Logan, Fourth 
Edition.
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