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Matrix multiplication

In general, if a is the row vector

la,, a,, a; ... apl

and b is the column vector

b .
' then we define the matrix product
b, | | o,
b ab=[a,, a, a; ... a]]| by,
31
) by, to be the 1 X 1 matrix
' b
b, ’! [aybyy + @by +ayby + .o+ alsbsl]_
bsl




If
a=/|1

ab =1

2 3 4],

2 3 41|

b=| 2

2 [=[1(2)+2(5)+3(-1)+40)] =[9]




The product exists if the inner numbers are the same and the order of
the answer is given by the outer numbers: that is,

A B AB
m x r rx n = m X H

T Inside T
Outside

3x5 5 %2 3x5 3x4

equal so can

multiply not equal so

cannot multiply

answer is 3 x 2



Example: Consider the matrices
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Since A is a 2 x 3 matrix and B is a 3 x 4 matrix, the product AB is a 2 x 4 matrix.

(2-4) +(6-3)+(0-5) =26

The entry in row 1 and column 4 of AB is computed as follows:

1 2 4
2 6 0

|

4
0
2

l

—1

7

4
3
3

3
1
2

| 3

(1-3)+(2-1)+(4-2)=13




The computations for the remaining entries are

(1-4) + (2
(1-1) — (2
(1-4) + (2
(2-4) + (6
(2-1) — (6
(2-3) + (6

0) + (4-
1) + (4
3) + (4-
.0) + (0-
-1) + (0
-1) + (0

2) = 12
7) = 27
5) = 30
)= 8
7) = —4
2) = 12



Example:

If
1 -1
A= and B-= b3
2 1 1 2
evaluate AB and BA.
Solution

It is easy to check that it is possible to form both products AB and BA and that they both have order 2 x 2.
In fact

(1 —1][1 3] [0 1]
AB = =
2 1|1 2 3
7
5

1 3|[1 1] [
BA = =
1 2112 1

so AB # BA.



Practice problems:
Let

-1 1 4 1

Find (where possible)

(a) AB  (b) BA (c) CD
() AE () EA (g) DE

(d) DC
(h) ED

and

|

1 2 3
4 5 6



Transposition

The transpose of a matrix is found by replacing rows by columns, so that the
first row becomes the first column, the second row becomes the second column,
and so on. The number of rows of A is then the same as the number of columns

of AT and vice versa. Consequently, if A has order m X n then A" has ordern X
m.

Transpose of a Matrix

3 4> ~
Z 1 411
Input Transpose

Matrix Matrix



Transpose of a Matrix- examples

A A’
[12 [13
3 4 2 4
5] 5]
1L 2
3 4 1 3 5 7
EE
7 8
1 2 3 1 4 7
BN
7 8 9 3 6 9

Properties of transposed matrices:

1. (A+B)'=A"T+B!

2. (AB)T=BT AT
3. (KA)T =KAT
4. (AT)T=A



Exercises:
A) Suppose that A, B, C, D, and E are matrices with the following sizes:

A B C D E
(4 % 5) (4 x 5) (5 x 2) (4 =% 2) (5 x4)

Determine whether the given matrix expression is defined. For those that are defined, give
the size of the resulting matrix.

1. (a) BA (b) AB' (c) AC+ D
(d) E(AC) (e) A—3ET (f) E(5B + A)
2. (a) CDT (b) DC (c) BC —3D

(d) D"(BE) (e) B'D+ ED (f) BAT + D



B) In each part, find a 4 x 4 matrix [a;; | that satisfies the stated condition.
Make your answers as general as possible by using letters rather than
specific numbers for the nonzero entries.

(@) a; =0 1if 1 # (b) a; =0 1f 1>

(C) i = 0 1if 1< j (d) i = 0 1f |l —j| > |



C) Find a4 x4 matrix A = [a;; | whose entries satisfy the stated condition.

['d] ﬂr’j =1 —|—_J' [b} f]’,,'j — I'Ij_l

| if fi— | > 1
(c) a;; =

o
-z
< |

—1 if |i—j



DEFINITION If Ay, Ay, .... A, are matrices of the same size, and if ¢y, ¢2, ..., ¢
are scalars, then an expression of the form

CIA1 —I-CzAg + - +CrAr

1s called a linear combination ot A, A,, ..., A, with coefficients ¢y, c5, ..., c,.




To see how matrix products can be viewed as linear combinations, let A be anm X n
matrix and x an n x 1 column vector, say

_ﬂn dip - ﬂln_ _-Il_
A= | M2 O nd x= |
| dm1 Um2 Umn | - Xn |
Then
[ anx) + apxas +-o+ amx, | [ an - apy | Kire
Ax — 6‘21--"?1 + ﬂ‘zz.*-*?z + -+ ﬂzrf-?fn _ an + fl-zz bt 2

| Am1 X1 T+ AmaX2 Tt AppXp Am1 Am2 Amn




Matrix multiplication has an important application to systems of linear equations. Con-
sider a system of m linear equations in n unknowns:

ap Xy + apxy +---+ apx, = by

|
lc-u
o

a1 X1 + daxpxz +---+ dapXp

Am1X1 + amax2 + -+ ampXn = by,
Since two matrices are equal if and only if their corresponding entries are equal, we can

replace the m equations in this system by the single matrix equation

aixy + apxa +---+ dampxa b

arn Xy + a»x, +---+ daxyx, 2

| Am1 X1 T+ AmaX2 T AppXn o



The m x 1 matrix on the left side of this equation can be written as a product to give

a; dap -+ dip X1 b
5] 5)) o dop X2 bz
| dml  dm2 " dmn | | Xn | _bm_

[f we designate these matrices by A, x, and b, respectively, then we can replace the original
system of m equations in n unknowns by the single matrix equation

Ax =b



Example: Find matrices A, x, and b that express the given linear system
as a single matrix equation Ax =b

(a) 2x; — 3x; + 5x3 = 7 (b) 4x, —3xy+ xy =1
Ox; — x + x3 = —1 Sx1 + x; — 8x3 =3
xX;+ 5x; +4x,= 0 2x; — 5x + 93— xy =10

3.7{3 — X3+ TI4 = 2



Examples: Express the matrix equation as a system of linear equations

5 6 =71 |x 2] B [ 111 x)
(@) | -1 -2  3||x|=]0 )12 3 0||lvl=
0 4 =1 | x 3 5 -3 —6]|]|:z

b2

[

WO



|

Example: Solve the matrix equation for a, b, ¢, and d.

a
—1

3
a—+b

I=la

d+ 2¢

d— 2c
—2

|

‘a—>b

3d + ¢

b+a

2d — ¢
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