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Determinant of the matrix is expressed in mathematical symbol and can be
calculated as follows

Symbol of Determinant If the matrix has a non-zero determinant, it is said to
be non-singular; otherwise it is said to be singular.
a b
‘A‘ — —ad —bc |£“
c d f A = [i W2 then
cr d
detA = [ad-bc |
Examples:
(3 2
» Thedeterminant of A = =(3x5)-(2x1)=15-2=13.
-1 5

|
* Thedeterminant of B = ]={1K2]—|{—1HD]=2—D=E.
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Determinants by Cofactor Expansion

If A'is a square matrix, then the minor of entry a;; is denoted by M;; and is defined to be
the determinant of the submatrix that remains after the ith row and jth column are deleted

from A. Then the cofactor of entry a;; is defined below:

Cij = (=D My

Example: Let ) ~
3 1 —4

A=12 5 6

1 4 ba

The minor of entry a;; i1s

Lhd
h
v s B ol

.-'1&'| 1 =—

I

e

The cofactor of a;; 1s
Cy=((—D'""'"M,, =M, =16



Similarly, the minor of entry as is

3 -4 Ly
My =12 6| = = 26
1 o 126

The cofactor of as» 1s
Cyo=(—1)"My = —Mz =—-26 -

Remark Notethata minor M;; and its corresponding cofactor Cj; are either the same or negatives
of each other and that the relating sign (—1)""/ is either +1 or —1 in accordance with the pattern
in the “checkerboard™ array

+ - + - +

For example,
Ch=My, Cy=-My, Cpn=Mpy



Example:1.

Find all minors and cofactors of the matrix

3 4 -1
4={1 0 3
2 5 —4




DEFINITION  If A 1san n X n matrix, then the number obtained by multiplying the
entries 1n any row or column of A by the corresponding cofactors and adding the
resulting products 1s called the determinant of A, and the sums themselves are called
cofactor expansions of A. That 1s,

det(A) — HUCU —|—£I2J,C2J, —|— ... _l_vﬂﬂjcﬂj

|cotactor expansion along the jth column]

and
det(A) = ai1Ci1 + ai2Ciz + -+ - + ainCip

|cofactor expansion along the ith row|



Example:

Find the determinant of the matrix

A=

by cofactor expansion along the first row.

Solution
3 ] 0
det(A)=|—-2 —4 3| =
S 4 -2

4

—4
4

3
—2

-

2 3
> =2

+of

=3(—4) — () (=11 +0=—1



Evaluate det(A) by cofactor expansion along the first column of A.

3 1 0
A=1|1-2 —4 3
5 4 -2
Solution
3 : 4 3 ] 0 1 0
det(A) =|—2 —4 3| =3 | = (=2 5
i) = -2 PRI I
5 4 =2

=3(—4) — (=2)(—=2) +50) = —1



Theorem: If Ais ann X n triangular matrix (upper triangular, lower
triangular, or diagonal ), then det(A) is the product of the entries on the main
diagonal of the matrix; that is,

det(A) = a1 ay; -+ Apy

For example:

a1 0 0 0

a1 (22 0 0
= dd11drdd33dy4
az; az azz 0

aq gy dgy  dag



Note : The arrow technique works only for determinants of 2 x 2 and 3 x 3
matrices. It does not work for matrices of size 4 x4 or higher.

( ayp  diz
il — dj1dpy — dj2d2]
a‘m azy dn
J ~ “\( = ~ g
o) ' L
H\R?H%{ﬁ{} :#ﬂf an
dy1 Yo a3 | Hai dx
. e -
az{ dzy day | ez Hap
;—/L & & =L H\t A

dip dia2 dip3

G 4n 3| = aapazy + aparas; + aj3axazn — ap3anaz — apdydsz — d1d3az

d3z; d3zz d33




Examples:

= (3)(=2) = (1)(4) = —10
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45 + 84 + 96] — [105 — 48 — 72] = 240



Inverse of a Matrix
When we multiply a number by its reciprocal we get 1

8 x (1/g) =1

When we multiply a matrix by its inverse we get the Identity Matrix :

AxAl=1

The inverse of A is A1 only when:

AxAl=AlxA=1

Sometimes there is no inverse at all.

12



Inverse Formula

For a given 2x2 matrix

A =

B

¢ d_

The inverse of A is defined by

1

A—l

:ad—

bc —C

swap
a and d

change signs
of b and ¢
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Example: Find (where possible) the inverse of the following matrices. Are these matrices
singular or nonsingular?

SR

14



Inverse by method of Cofactors

A=|a,

Ay,

Step:1. Find Matrix of cofactors

C,,
Cy

CB

~
<

det A £ 0.

Step : 2. Find Adjoint of matrix A, adj(A)

Adj(A) =

! ] ! ] :|
T e
] ] ]

T

Step: 3.

If A is an invertible matrix, det(A)= 0, then

| 1
A7 = adi( A
detA[ lj(A)]




Example: 3 . Find A™ of matrix A

2 0 3
A=| 0 3 2 |bythe method of cotfactors.
—2 0 -4

i 3 | 0 2 ] 0 3

0 —4 R S 2 0
] 0 3 2 3 2 0
(__1112— :0_} Cj,): = —2Z. Cj}:— :O__
70 4 R I, S 2T 0
C 0 3 5 2 3 A c 2 0 6
R R S




—12 —4
Matrix of cofactors, C=| 0 -2
-9 4
[ 12
Adjoint of matrix A, adj(A)=| —4
| O
det(A4) = a,,C,, +a,,C,, +a,;;C,;
= 2(-12)+0(-4)+3(6)
=24 +18 =-6=% 0
Inverse of the matrix A 1s
1 1 12
A™ = ladj(A)] = L | _4
det 4 -6 .

0
—2

-9
—4




Solving a Linear System Using A1

If A is aninvertible n X n matrix, then for each n X 1 matrix b, the system of
equations Ax = b has exactly one solution, namely,

x = A 1b

Example:

Consider the system of hnear equations

|
LA

X + 2x, 4+ 3x4
2X1 4+ dx7 + 3x3
A + 8x 1 =17

|
Lad



In matrix form this system can be written as AX = b, where

(1 2 3] _I|_ [ 5
A=12 5 3|, x=|x2|. b=] 3
1 0 8 X3 17
A is invertible and _ —
—40 16
A= 13 -5 —3]|
5 —2 -1
the solution of the system i1s
40 16 9] s] | 1]
x=A"'b=| 13 -5 -3 3| = | =1
5 =2 -1 17 2

- - - = - - I[ZI,IEZ—I:-Igzz.



Cramer’s Rule

If AX = b is a system of n linear equations in n uhknowns such that det(A) £ 0, then
the system has a unigue solution. This solution is

det(A))  det(Ay)  det(A,)
T det(A) T det(A) T T det(A)

where A is the matrix obtained by replacing the entries in the jth column of A by the
ehtries in the matrix

X1

b, ]




Example: Using Cramer’s Rule to Solve a Linear System

|
=

X+ + 2xq
—31| + 41;'_ + fl'_l'g
—X; — 2Xx; + 3x3 = 8

|
m
=

Answe "1 0 2] 6 0 2]
A=1-3 4 6l, A;=130 4 &6
-1 -2 3 8 —2 3
1 6 2] 1 0 6]
A,=1-3 30 6. Av=|-3 4 30
-1 8 3 -1 -2 8
Therefore, i ) ) )
- det(A) _ —40 _ —10 . det(4y) _ 72 _ 18
det(A) 44 11 det(A) 44 11

o det(dy) 152 38
T det(A) 44 11



Application of Linear Systems
1. A network with four nodes shown here,

a) Define a system of linear equations.
b) Solve the system for x; ,x, and xs.

Solution: a)
Intersection Flow In Flow Out
A 30 = X1+X5
B Xy + X3 = 35
C 60 = 15 + x3
D 15 + x4 = 55



Then, the system of equations become

X, + x5 = 30
X + x3 = 35

X3 = 45

X1 = 40

b) In this particular case the system is sufficiently simple that it can be solved
by work from the bottom up.

The system solutionisx; =40, x, = —10, x3 =45



2) Set up a linear system of equations for the following networks in which the
flow rates and direction of flow in certain branches are given.

200 ;:
A |
'
23 Vv

Figure a.
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