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Norm of a Vector

The length of a vector v is denoted by ||v||, which is read as the norm of v, the
length of v, or the magnitude of v.
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DEFINITION  Ifv = (vy, vp, ..., v,)1savector in R", then the norm of v (also called
the length of v or the magnitude of v) 1s denoted by ||v||, and 1s defined by the formula

IIv]| :\/Uf—l—ug+---—l—v,‘?

Examples:
Evaluate the given expression with u = (2,-2,3), v = (1,-3,4), w = (3,6,—4).
(a) |lu+ vl (b) [ul] + [I¥]]

(c) ||—2u+ 2v|| (d) ||[3u— 5v + w]|



Unit Vectors

A vector of norm 1 is called a unit vector. If v is any nonzero vector in R™, then

Example: Normalizing a Vector

Find the unit vector u that has the same directionasv = (2, 2, —1).

Solution The vector v has length

IVl = V22 + 22+ (1) = 3

Thus, -
u=3(2,2,-1)=(
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As a check, you may want to confirm that ||u|| = 1.



The Standard Unit Vectors

The unit vectors in the positive directions of the coordinate axes are called the
standard unit vectors. In R? these vectors are denoted by

i=(1,0) and j=(0,1)

and in R° by
i=(1.0.0), i=(0.1,0), and k= (0,0, 1)
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Moreover, we can generalize these formulas to R" by defining the standard unit vectors
in R" to be

e, =(1,0,0,....0), e =(0,1,0,...,0),.... e, =(0,0,0,....1)

in which case every vector v= (vy, v5, ..., v,) In R" can be expressed as

V= (v, Vy,...,0,) =vie; +vie+---+v,e,

Linear Combinations of Standard Unit Vectors

(2, —3,4) = 2i — 3j + 4k
(?: 3: _45 5) — ?El _I_ SEE — 4&3 —|— SE':]_



Distance in R™

/P,
If P;(x,y,) and P, (x,,y,) are points in R? /

— P,
d=|P Pl =V —x)2+ (y2 — y1)

d=||P Py

Similarly, the distance between the points P; (x4, y1,21) and P, (x5, V>, Z5)
in 3-space is

_-_-_} E_ g g
du,v) =[PPl =V (x2 —x1)2 + (2 — y1)> + (22 — 21)?

DEFINITION Ifu= (uy,u>,...,u,)andv = (vy, v7, ..., v,)arepointsin R", then
we denote the distance between u and v by d(u, v) and define it to be

d(u,v) = [lu—vl| = v/ (u1 —v)> + (u2 — v2)> + -+ - + (Un — V)




Example: If u=(1,3,-2,7) and v=1(0,7,2,2)

then the distance between u and v 1s
du,v) =/ (1 =002+ (3 =724 (—2—2)2 4+ (7—2)2 = /58




Dot Product

DEFINITION  Ifu = (uy, 4>, ...,u,)andv = (v, v1, ..., v,)arevectorsin K", then
the dot product (also called the Euclidean inner product) of u and v is denoted by u « v

and is defined by
U«V=ujvy + Uy + -+ Unvy

We define the angle between u and v to be the angle 6 determined by u and v that satisfies
the inequalities0 < 0 < 7

™
u o/ u
0 f
1 EI . \I [ 1 T/— \ v [~
| = { |
R "'-} . -"'} {".:l i l_::"
¥ ¥ u /4




DEFINITION  Ifuandvare nonzero vectorsin R” or R°, and if 8 is the angle between
u and v, then the dot product (also called the Euclidean inner product) of u and v 1s
denoted by u + v and 1s defined as

u-v=|ulll|lv||cosf

[fu=0o0rv=»0.then we defineu -« v to be 0.

The notion of “angle” between nonzero vectors u and v 1s given below

u-v
0 = cos™ ! ( )
[[ul {]v]]




Algebraic Properties

v-v=u%+ug+'“+vﬁ= Iv]I°
This yields the following formula for expressing the length of a vector in terms of a dot
product:

V][ = /vy
THEOREM Ifu, v, and w are vectors in R", then:
(@) |lu4v| < |a]] 4+ |vl | Triangle inequality for vectors |

(b} d(u,v) <d(u, w)+ d(w,v) |Triangle inequality for distances]

u

u

-+ vl] < fjul + flvl]

d(u, v) < d(u, w) + d(w, v)




DEFINITION  Two nonzero vectors u and v in R" are said to be orthogonal (or
perpendicular)1ifu.v = 0.

Examples:
(a) Show thatu=(—=2,3,1,4)andv = (1, 2,0, —1) are orthogonal vectors in R*.

(b) Let S = {i, j, k} be the set of standard unit vectors in R>. Show that each ordered
pair of vectors in § 1s orthogonal.



Cross Product

DEFINITION  If w = (u, u2, u3) and v = (vy, v2, v3) are vectors in 3-space, then
the cross product u x v 1s the vector defined by

i1 U3

— (szs — U3V2, U3V — U V3, U1V — szl)




Example: Cross Products of the Standard Unit Vectors
Show the following results

..Tfuﬂ._l} i

k £

ixi=10 ixj=0 kxk=10
ixj=k ix k=i kxi=j

i xi=-Kk kxj=—i i X k= —j

o 0 0 1 0
I. }{ l — s 2
' 1 0 0 0

Lo =(0.0.1) =k
o 1{) 777



Scalar triple product

The scalar triple product of u = (uy, u-, u3), v= (v, v2, v3), and w = (wy, ws, ws)
can be calculated from the formula

u-(vxw)=|vy v» U3

uwy  wy; Wws

Example: Calculate the scalar triple product u « (v x w) of the vectors
u=3i—-2j—5k, v=i+4j—4k, w=3j+2k

Solution
3 =2 =5
u-(vxw) =11 4 —4
0 3 2
=31 Moot PHieslt !
32 0o 2 0 3

—=60+4—15=49



Exercises: Letu=(3,2,-1), v=(0, 2,-3), andw=(2, 6, 7).
Compute the indicated vectors

I.(a) v xw (b) w x v (c) (W+v) xw
(d) v«(v xw) (e) v XV () (u—3w) x (u— 3w)
2.(a) uxy (b) —(u x v) (C) uwx (v+w)

(d) we(w x V) (e) w x w (f) (7v — 3u) x (7v — 3u)



Exercises
Compute the scalar triple productu + (v X w)

1. u=(—2,0,6), v=(1,—-3, 1), w=(-—5,—-1.1)
2. u=(—1,2,4), v=(3.4,-2), w=(—1,2,5)
3. u=(a,0,0), v=(0,b,0), w=1(0,0,¢)

4. u=1i, v=], w=Kk
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